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Abstract 

We introduce a new Floer theory associated to a pair consisting of 
a Cartan hypercontact 3-manifold M and a hyper kahler manifold X. 
The theory is a based on the gradient flow of the hypersymplectic 
action functional on the space of maps from M to X . The gradient flow 
lines satisfy a nonlinear analogue of the Dirac equation and can also be 
viewed as hyperkahler analogues of holomorphic curves. We work out 
the details of the analysis and compute the Floer homology groups in 
the case where X is flat. As a corollary we derive an existence theorem 
for the 3-dimensional perturbed nonlinear Dirac equation which can be 
viewed as an analogue of the Arnold conjecture. 

1 Introduction 

In this paper we examine a hyperkahler analogue of symplectic Floer homo- 
logy. We assume throughout that X is a hyperkahler manifold with complex 
structures /, J,K and symplectic forms LiJi,a;2, ws- We also assume that M 
is a compact oriented 3-manifold equipped with a volume form a G Vt^{M) 
and a positive frame fi, f2, ^3 G Vect(M) of the tangent bundle. Associated 
to these data is a natural 1-form on the space ^ := C°°(Af, X) of smooth 
functions f : M ^ X defined by 

f ^ (uji{dyj, f) + u)2{dv2f, f) + i^sidvj, f))o- (1) 
Jm ^ ^ 

for / G Tj^ = fi°(M, f*TX). This 1-form is closed if and only if the vector 
fields Vi are volume preserving, i.e. 

Our two main examples are the 3-torus with the coordinate vector fields and 
the 3-sphere with the standard hypercontact structure. 
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Hypercontact structures 

A hypercontact structure on a 3-manifold M is a triple of contact forms 
a = (ai,a2,«3) G r2^(M, M'^) such that 

ai A dai = 02 A da2 = 03 A da^ =: a 

and ai A daj + aj A doi = for i / j. The Reeb vector fields vi,V2,V2, 
are pointwise linearly independent and preserve the volume form a. The 
hypercontact structure is called positive if they form a positive frame of the 
tangent bundle. In this setting the 1-form ([T|) is the differential of the action 
functional : ^ — > M defined by 

^(/) := - (ai A fioi + a2 A /*c^2 + "3 A /^L^g) • (2) 

A positive hypercontact structure is called a Cartan structure if the form 
a dual frame of the cotangent bundle, i.e. ai{vj) = 5ij. In the Cartan case 
K := dai{v2,V3) = da2{v3,vi) = das{vi,V2) is constant and dai = f^oj A ak 
and = for every cyclic permutation i,j,k of 1,2,3. (We use the 

sign convention of p2] for the Lie bracket.) 

The archetypal example is the 3-sphere M = S^, understood as the 
unit quaternions, with vi{y) = iy, V2{y) = jy, ^3(2/) = ky. Hypercontact 
structures were introduced by Geiges-Gonzalo [HI [15] . They use the term 
taut contact sphere for what we call a hypercontact structure. They proved 
that every Cartan hypercontact 3-manifold is diffeomorphic to a quotient of 
the 3-sphere by the right action of a finite subgroup of Sp(l). 

Tori 

Let M = = M^/Z^ be the standard 3-torus equipped with the standard 
volume form a = dti A dt2 A dt'^ and Vi = Yl^j=i ^ij'^j where A = {aij)f j^-^ 
is a nonsingular real 3x3 matrix. In this case the lift of the 1-form ([1]) to 
the universal cover ^ of ^ is the differential of the function 

3 ^ 
^ = ^ aij£/ij : ^ ^ M (3) 

where -s^ijif) denotes the Wj-symplectic action of the loop tj 1— > f{t), av- 
eraged over the remaining two variables with k,i ^ j. If X is flat 
and ^0 C ^ denotes the space of contractible maps / : — > X then £/ 
descends to J^q. Explicitly, we have £^ij{f) ■= — Jq fj^ul^j-^Ui dti^ dti 
for / G r^Q, where Utf,^te : B — > X is a smooth family of maps satisfying 
ut„tAe^^''^) = f{tl,t2,t3). 
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Hyperbolic spaces 

A third class of examples arises from unit tangent bundles of higher genus 
surfaces or equivalently from quotients of the group G := PSL(2;R). Let 
H C C denote the upper half plane and V := {{z, C) G | Im(z) = |C|} the 
unit tangent bundle of Ti.. The group G acts freely and transitively on V by 

Now let r C PSL(2; M) be a discrete subgroup acting freely on 7i such that 
the quotient S := r\7^ is a closed Riemann surface. Then the 3-manifold 

M := r\G 

is diffeomorphic to the unit tangent bundle TiS = T\V via [g] ^ [g*{'i, !)]• 
The group G carries a natural bi-invariant volume form a E 0^(G) given by 

o-{gC,gV,9C) ■= ^trace([^,?7]C) 

for ^, ?7, C G g := Lie(G) = s[(2; M). This volume form descends to M and is 
invariant under the right action of G. Now consider the traceless matrices 

^i^=(o -i)' ^'^=(10)' ^'^^(1 o)- 

The resulting vector fields Vi{g) := g^i on G are F-equivarient and preserve 
the volume form a. Hence they descend to volume preserving vector fields 
on M (still denoted by Vi) and so the 1-form ([T]) is closed in this setting. 

Note that 172,^3) = 2 and d'K{v^) = 0, dTT{vi) = idTr{v2)- The Lie 
brackets of the vector fields Vi are given by 

[V2,V3] = -2vi, [V3,vi] = -2V2, [vi,V2] = 2V3 

(because the act on G on the right). Hence, if Oj G Q.^{M) denote the 
1-forms dual to the vector fields Vi, we have 

dai = —2a2 A a^, da2 = — 2a3 A ai, da^ = 2ai A 02. 

This implies that the 1-form ([T|) is the differential of the action functional 

^(/) := / (ai A fuji + Q2 A f*uj2 - 03 A fuj^) . 
Jm 

However, in this setting the energy identity ^ discussed below does not 
help in the compactness proof. This is the reason why we do not include 
the higher genus case in our discussion in the main part of this paper. 
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Floer theory 



The zeros of the 1-form ([T]) are the sohitions f : M ^ X oi the nonlinear 
eUiptic first order partial differential equation 



This is a nonlinear analogue of the Dirac equation that was first introduced 
by Taubes [28] . Obviously, the constant functions are solutions of (jj]) . When 
M = other solutions arise from the composition of rational curves with 
suitable Hopf fibrations (see below). When M = solutions can be ob- 
tained from elliptic curves. In the case M = T\G solutions arise from the 
composition of iT-holomorphic curves T, ^ X with vr : M — > S. 

In this paper we prove an existence result for the solutions of the per- 
turbed nonlinear Dirac equation 



Here H : X x M ^ M is a smooth function and we denote by VH{f) 
the gradient with respect to the first argument. The linearized operator 
for this equation is self adjoint and we call a solution / : M — > X of ([5]) 
nondegenerate if the linearized operator is bijective. In the nondegenerate 
case, and when X is flat, one can count the solutions with signs, however, it 
turns out that this count gives zero. Nevertheless we shall prove the following 
hyperkahler analogue of the Conley-Zehnder theorem confirming the Arnold 
conjecture for the torus [3]. In fact, in the torus case with vi = d/dti the 
solutions of (jH) can be interpreted as the periodic orbits of a suitable infinite 
dimensional Hamiltonian system. 

Theorem A. Let M be either a compact Cartan hypercontact 3-manifold 
(with Reeb vector fields Vi) or the 3-torus (with a constant frame Vi). Let X 
be a compact flat hyperkahler manifold. Then the space of solutions of ([5]) is 
compact. Moreover, if the contractible solutions are all nondegenerate, then 
their number is bounded below by the sum of the 'L2-Betti numbers of X. In 
particular, equation ([5]) has a contractible solution for every H . 

The proof of Theorem A is based on the observation that the solutions of dS]) 
are the critical points of the perturbed hypersymplectic action functional 
s^uif) '■= ^{f) ~ Jm H[f)a. As in symplectic Floer theory, this functional 
is unbounded above and below, and the Hessian has infinitely many positive 
and negative eigenvalues. Thus the standard techniques of Morse theory are 
not available for the study of the critical points. However, with appropriate 



0{f) := Id, J + Jd,J + Kd^J = 0. 



(4) 



:= Id,J + Jd,J + Kd„J - VH{f) = 0. 



(5) 
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modifications, the familiar techniques of Floer homology carry over to the 
present case, at least when X is fiat, and thus give rise to natural Floer 
homology groups for a pair {M,X). 

The Floer homology groups are determined by a chain complex that is 
generated by the solutions of (0). The boundary operator is determined 
by the finite energy solutions ti : M x M — > X of the negative gradient flow 
equation 

dsU + Idi,jU + Jdy^u + Kdv^u = VH{u). (6) 
One of the key ingredients in the compactness proof is the energy identity 

If 1^1^ = 1 f\IdvJ + Jd.J + Kd,,jf - [ ^^e.ATu;, (7) 

for f : M ^ X, where the Si £ il^{M) are dual to the vector fields Vi. 
In the torus case these forms are closed and thus the last term in ([7]) is 
a topological invariant. In the Cartan hypercontact case this term is the 
hypersymplectic action s^{f). 

To compute the Floer homology groups we choose a Morse-Smale func- 
tion H : X and study the equation 

dsU + e"^ {Jd.,^u + Jd.,^u + Kd.,.^u) = VH{u) (8) 

for small values of e. The gradient lines of H are solutions of this equation 
and we shall prove that, for e > sufficiently small, there are no other con- 
tractible solutions. This implies that our Floer homology groups HF^,(M, X) 
are isomorphic to the singular homology i?*(X;Z2). 

Theorem B. Let M be either a compact Cartan hypercontact 3-manifold 
(with Reeb vector fields Vi) or the 3-torus (with a constant frame Vi). Let X 
be a compact flat hyperkdhler manifold and fix a class r E ttq{c^). Then, for 
a generic perturbation H : X x M ^ M, there is a natural Floer homology 
group HF*(M, X, r; i?) associated to a chain complex generated by the solu- 
tions of ([5]) where the boundary operator is defined by counting the solutions 
of ([6]) . The Floer homology groups associated to different choices of H are 
naturally isomorphic. Moreover, for the component tq of the constant maps 
there is a natural isomorphism HF*(M, X, tq; -ff) = if*(X;Z2). 

Remark. The precise condition we need for extending the standard tech- 
niques of Floer theory to our setting is that X has nonpositive sectional cur- 
vature. As every hyperkahler manifold has vanishing Ricci tensor, nonposi- 
tive sectional curvature implies that X is flat and hence is a quotient of a hy- 
perkahler torus by a finite group. An example is the quotient of the standard 
12-torus H^/Z^^ by the Z2-action determined by (x, y, z) i— > {y, x, z -\- 1/2). 
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A more general setting 

There is conjecturally a much richer theory which provides Floer homological 
invariants for all triples {M,X,t), consisting of a Cartan hypercontact 3- 
manifold M, a compact hyperkahler manifold X, and a homotopy class r 
of maps from M to X. One basic observation is that every holomorphic 
sphere in a hyperkahler manifold gives rise to a solution of on M = 5'^. 
Another point is that 7r3(X) can be a very rich group. For example, the third 
homotopy group of the K3-surface has 253 generators (see [3l Appendix]). 

Example. Think of the 3-sphere as the unit sphere in the quaternions 
EI = and of the 2-sphere as the unit sphere in the imaginary quaternions 
Im(IH) ^ R3. For A = Aii + A2j + Ask G denote Jx := XJ + X2J + X3K 
and LUX = Xiui + X2UJ2 + X^UJ^. Define hx : S"^ ^ S'^ by hx{y) ■= —yXy. If 
u : S"^ ^ X is a J;j-holomorphic sphere then 

f :=uohx: ^ X 

is a critical point of £/ and 

E{u) = \f \du\^=l u*ujx = ^-s^{uohx). 



2 J g2 J g2 2tt 

To see this, assume A = i and write hi{y) := —yiy, h2{y) ■= —yjy, and 
hsiy) '■= —y^y- These functions satisfy dy.hi = and d^.hi = —d^-hj = 2/ifc 
for every cyclic permutation i,j,k of 1,2,3. Hence hi A d^^hi = d^^hi- If 
u : S"^ ^ X \saii /-holomorphic sphere it follows that the function / := uohi 
satisfies d^-^f = and Idy^f = d^^f and hence is a solution of (jH). More- 
over, 2tt /_g2 f = — JffiOii A h\a for a G VL^{S'^). (When a is exact both 
sides are zero. Since — ai A h^dwols-i = 4dvol53 the value of the factor fol- 
lows from Vol(5^) = Att and Vo^S'^) = 27r^.) With a = u*uJi this imphes 
27r u*u)i = — Jg2 "1 /\hlu*LOi = £/{uohi). Here the last equation follows 
from the fact that u*C02 = u*^^3 = for every /-holomorphic curve u. 

The main technical difficulty in setting up the Floer theory for general hy- 
perkahler manifolds is to establish a suitable compactness theorem. In con- 
trast to the familiar theory the derivatives for a sequence of solutions of ([5]) 
or ([6]) will not just blow up at isolated points but along codimension-2 sub- 
sets. For example, if tii/ : S"^ — > X is a sequence of /-holomorphic curves 
and /i : 5^ — > 5^ is a suitable Hopf fibration, then fi, := o h is a se- 
quence of solutions of ([H) and its derivatives blow up along the Hopf circle 
h~^{zo) whenever the derivatives of Ui, blow up near zq. This phenomenon is 
analogous to the codimension 4 bubbling in Donaldson-Thomas theory [7]. 
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Floer— Donaldson theory 

Let S be a hyperkahler 4-manifold with complex structures i,j,k and sym- 
plectic forms cxi , cj2 , cxs . Consider the elhptic partial differential equation 

du — Idu\ — Jduj — Kdu\i = (9) 

for smooth maps : S — > X. This is sometimes called the Cauchy- 
Riemann-Fueter equation and it has been widely studied (see [28], [18\ 
Chapter 3] and references). For S = M x M with its standard hyperkahler 
structure (see below) equation ^ is equivalent to (0) with H = 0. The 
solutions of Q satisfy the energy identity 

E{u) = - I \du — Idu\ — Jduj — Kduii\^ dvols — / ai A n*a;j, (10) 
where E{u) := \ j-^ \ du\'^ dvols- The linearized operator 

takes values in the space of 1-forms on S with values in u*TX that are 
complex linear with respect to /, J, and K. When S is closed this operator 
is Fredholm between appropriate Sobolev completions and its index is 

ind(^J = -(c2(rX),u,[S]> + ^dim^X, (11) 

where x(S) is the Euler characteristic. Equation (jlip continues to hold in 
the case S = 5^ x M with its natural quaternionic structure. We sketch a 
proof below. Conjecturally, there should be Gromov-Witten type invariants 
obtained from intersection theory on the moduli space of solutions of ([9]). 
One can also consider hyperkahler 4-manifolds S with cylindrical ends 
: X S. Here we assume that is either a Cartan hy- 

percontact 3-manifold or a 3-torus. Then x has a natural flat hy- 
perkahler structure [5l[T5]. In the hypercontact case the symplectic forms 
are = K~^d{e~'^^ai) = e~'^*(— ds A + aj A au) and in the torus case 
they are loi = —ds A + aj A for every cyclic permutation i, j, A; of 
1, 2, 3. In both cases the complex structure i is given by dg i— > —vi, vi i— > dg, 
V2 I— > ^3) ^^3 I— ^ —V2 and similarly for j and k. We assume that the em- 
beddings are hyperkahler isomorphisms onto their images and that the 
complement S \ (imi"*" U imi~) has a compact closure. Alternatively, it 
might also be interesting to consider hyperkahler 4-manifolds with asymp- 
totically cylindrical ends as in [19^120). One can then (conjecturally) use the 
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solutions of equation ^ with Hamiltonian perturbations on the cyhndrical 
ends to obtain a homomorphism HF*(M~,X) — > HF*(M+,X) respectively 
HF*(M+,X) RF*{M-,X). 

Proof of the index formula. We relate &u to a Dirac operator on S 
associated to a spin"^ structure. On S we have a Hermitian vector bundle 
W = W+ © W- where 

:= n*rX © n*rX, W~ := HomH(rS, u*TX) © Hom/(rS, u*TX). 

Here Home(TS, ii*rX) denotes the bundle of quaternionic homomorphisms 
and Hom7(rS, u*TX) denotes the bundle of homomorphisms that are com- 
plex linear with respect to / and complex anti-linear with respect to J and K. 
The complex structures on and W~ are given by (^1,^2) ^ {IC2,IS,i)- 
The spin'^ structure T : TTi End(VF) has the form 



for V G TjS where 'y{v) : — > is given by 

Here tth, ttj ■ HomK(rS, u*TX) — > liom^{TT,.u*TX) denote the projections 

7rH(^) := A- lAi - JAj - KAk, iti{A) := A- lAi + JAj + KAk. 

The Dirac operator D : n°{T,,W+) is^the direct sum of &u 

and &u ■■ n^{^,u*TX) n]{^,u*TX) given by ^„^:=7r/(V0- These 
operators have the same index and hence 



The last equation follows from the Atiyah-Singer index theorem (see |21j). 
Alternatively, one can identify W+) with u*TX)e)n'^^°{u*TX) 

via (6 , 6) ^ (6 + 6 , J {^2 - 6 ) + - 6 ) Wk) and the space Q° (S , VF" ) 
with Q^'^{T,,u*TX) via (01,02) — > ai + 02- Under these identifications 
the Dirac operator D corresponds to the twisted Cauchy-Riemann operator 
d + d* : O<=^'0(S,M*rX) ^ fi°'id'0(S,?/*TX). Since / is homotopic to -/, 
the complex Fredholm index of D is the holomorphic Euler characteristic of 
the bundle u*TX — > S and, by the Hirzebruch-Riemann-Roch formula. 



Jt, 

With ch = rank"' + ci + ^{cl- 2c2) and td = 1 -|- ^ci + ];^(cf + C2) this gives 
again the above formula, and pip follows because ci{TX) = ci(TS) = 0. 




2ind'^(^„) = ind^(D) 



rank'^(^+) 
24 



x(S) + i(ci(W-+)2-2c2(VF+),[S]>. 
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Ring structure 

As an example of this construction we obtain (conjecturally) a ring structure 
on iiF*{S^,X). Take S := ]H\{-i,i} and define r : (-00, 0] x 5^ ^ M 
by 

The image of this map is the complement of the open unit ball in H. The 
embedding : [0, 00) x (S'^U5'^) — > H is the disjoint union of the embeddings 
(s,y) I— > e~^~^y ± i. The resulting quaternionic pair of pants product 

HF* (5^ X) (g) HF* (5'^ X) ^ HF* (S'^ X) 

should be independent of the choice of the embeddings and the Hamiltonian 
perturbations used to define it. Moreover, counting the solutions of ([9]) on 
the punctured cylinder M x M \ {pt}, will lead to a module structure of 
HF*(M,X) over HF*(S'3,X) for every M. 

The compactness and transversality results in the present paper show 
that this construction is perfectly rigorous and gives rise to an associative 
product on HF*(S'^,X) whenever X is flat. Moreover, in this case it agrees 
with the usual cup product under our isomorphism 

HF*(S'^X) ^ H*{X;Z2). 
Relations with Donaldson Thomas theory 

In [7] Donaldson and Thomas outline the construction of Donaldson type 
invariants of 8-dimensional Spin(7)-manifolds Z and Floer liomological in- 
variants of 7-dimensional G2-manifolds Y. In the case Z = T, x S, where S 
and S are hyperkahler surfaces, they explain that solutions of their equation 
on S X correspond, in the adiabatic limit where the metric on S degen- 
erates to zero, to solutions n : S ^ ^{S) of ([9]) with values in a suitable 
moduli space X = ^{S) of bundles over S. In a similar vein there is a 
conjectural correspondence between the Donaldson-Thomas-Floer theory of 

Y = M X S 

with the Floer homology groups IIF*(M, ^(5")) discussed above whenever 
M is either a Cartan hyper contact 3- manifold or a flat 3-torus. Namely, the 
solutions of the Floer equation in Donaldson-Thomas theory on M x y with 
Y = M X S correspond, in the adiabatic limit, formally to the solutions 
of dlD on M X M with values in ^{S). 
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Boundary value problems 

If M is Cartan hypercontact 3-manifold with boundary dM and Reeb vector 
fields vi,V2, then there is a unique map A : dM S'^ such that 

iy:=Y^ XiVi : dM TM 

i 

is the outward pointing unit normal vector field. In this case the 1-form ([1]) 
is not closed. Its differential is given by the formula 

Tf^ xTf^^R: (A, /2) ^ [ cc;a(/i, /2)dvoW. 

JdM 

This is a symplectic form on the space of maps dM — > X. Thus it seems 
natural to impose the Lagrangian boundary condition 

f{y) eLy, ye dM, 

where Uj^ggj,/ Ly is a smooth submanifold of dM x X such that Ly is La- 
grangian with respect to uJxi^y) for every y G dM. In this paper we do not 
carry out the analysis for this boundary value problem. 

In the technical parts of this paper we shall restrict the discussion to the 
case where M is a (Cartan) hypercontact 3-manifold. The analysis for the 
case M = is almost verbatim the same and in some places easier because 
the metric is flat. In Section [2] we introduce the hypersymplectic action 
functional and its critical points, discuss the Floer equation, and restate 
Theorem A. In Section [3] we prove the main compactness and exponential 
decay theorems for the solutions of dS]) and ([6]). These results are only 
valid for flat target manifolds X. The details of the transversality theory 
are worked out in Section U] (for general target manifolds X). With com- 
pactness and transversality established, the construction of Floer homology 
is completely standard and we restrict ourselves to restating the result in 
Section O However, the computation of Floer homology still requires some 
serious analysis which is carried out in Section [5j Three appendices discuss 
basic properties of hypercontact 3-manifolds, the relevant a priori estimates, 
and a removable singularity theorem. 

Acknowledgement. Thanks to Ron Stern for pointing out to us the discus- 
sion of vr3(X) for a simply connected 4-manifold X in Cochran-Habegger 0. 
Thanks to Oliver Banes, Kenji Fukaya, Hansjoerg Geiges, and Katrin Wehr- 
heim for helpful comments. Sonja Hohloch and Gregor Noetzel would like 
to thank the Forschungsinstitut fiir Mathematik at ETH Ziirich for its hos- 
pitality. 
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2 The hypersymplectic action functional 

Let X be a hyperkahler manifold with complex structures I, J, K and as- 
sociated symplectic forms uji,uj2,'-^3- Let {M, 01,02, 03) be a positive hy- 
percontact 3-manifold with Reeb vector fields vi,V2,V3 (see Appendix |A|) . 
Then the space ^ := Map(M, X) of smooth maps f : M ^ X carries a 
natural hypersymplectic action functional i?/ : ^ — > M given by 



The next lemma shows that the critical points of are the solutions of the 
partial differential equation 



This is a Dirac type elliptic equation because the vector fields Vi are ev- 
erywhere linearly independent (see Lemma [A. ip and the complex structures 
/, J, K satisfy the quaternionic relations. (The square of ^ in local coordi- 
nates is a standard second order elliptic operator.) 

Lemma 2.1. The differential of £/ along a path M ^ : t ft is 




(12) 



^(/) := Idfivi) + Jdf{v2) + Kdf{v3) = 0. 



(13) 




where k and the metric on M are as in Remark \A.S\ . 



Proof. By Cartan's formula, we have 



-j-ft^i = d(3i 



^i{dtf,dff) 



for i = 1,2, 3. Hence 
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Here the second equation follows from integration by parts, the third equa- 
tion follows from the fact that vi,V2,v^ form an orthonormal basis, the 
fourth follows from the definition of k in Remark lA. 21 and the last equation 
uses the definition of (3i and the hyperkahler structure of X. This proves 
the lemma. □ 



The energy identity 

The energy of a smooth function / : M — > X is defined by 

<^{f) ■■= \ I dvolM = \ I y^Wiv.t dvolM. (14) 

^ J M ^ Jm -^j^ 

Lemma 2.2. The energy of a smooth function f : M ^ X is related to the 
hypersymplectic action via 

<^U) = ^{f) + \l mf)\^ dvoh, - [ {m,df{vo))dyolM, (15) 
^ Jm Jm 

where 

vq := a2(t^3)'yi + a3{vi)v2 + ai(w2)f3- (16) 
In particular S{f) = -^{f) for every solution of (jlSh . 

Remark 2.3. The vector field vq vanishes if and only if ai{vj) = 6ij. If this 
holds then, for every / G we have 



^(/)=^(/) + i / |^(/)pdvolM. 

^ Jm 



Hence the energy of / is controlled by the norm of ^(/) = grad^/ (/) and 
the action. 

Proof of Lemma \ 2.^ By direct calculation (dropping the term dvolj\/) we 
obtain 



mf)\'-m 



M 



]^j^^[\Idf{vi) + Jdf{v2)+Kdf{v3)\' - \dfi^^)r 

{Kdf{vi),df{v2)) + {Idfiv2),df{v3)) + {Jdf{v3),dfiv,)] 
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On the other hand 

{m,df{vo))-s^{f) 

M 

' 'm,a2{v3)df{vi) + a3{vi)df{v2) + a,{v2)df{vs)) - ^if) 

M ' 

M \ 
+ / a3{vi)i f*UJl{vi,V2) + f*UJ3{v3,V2) 

Jm \ 

+ j ai{v2)(^f*UJi{vi,V3) + f*U]2{v2,V3) 



+ j ( ai A /*u;i + 02 A /*cJ2 + 03 A f*0J3 



f*UJi{v2,V3) + 7*^2(^3, ^'l) + f*i^3{vi,V2) ] ■ 

IM 

The last equation follows by inserting the vector fields vi,V2, V3 into the 
3- forms Oj A f*UJi. This proves the lemma. □ 

The Hessian 

The tangent space of ^ at f is the space of vector fields along /: 

Tf^ = Vect(/) = 0°(Af, f*TX). 
It is convenient to use the inner product 

(^,??)r2 := / (C,^)'^dvolM- (17) 
Jm 

on this space. One reason for this choice is the formula in Lemma 12. li 
Another is the following observation. 

Lemma 2.4. For every smooth function f : M ^ M. we have 

df{vi)KdvolM = 0. (18) 



IM 

Thus the covariant divergence of the vector field Vi is given by 

div(uj) = —K~^dK{vi) 

and the operator X;. : ^^{M,E) QP{M,E) is skew adjoint with respect 
to the inner product (jl7|) (for every Riemannian vector bundle E ^ M 
with any Riemannian connection). 
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Proof. The covariant divergence of a vector field v G Vect(M) is the function 
div(i;) : M — > M defined by div(f) := ^j(Vej.'y, e^) for any orthonormal 
frame ej of TM. It is characterized by the property 

/ df{v)dvolM + / /div(f )dvolAf = 
Jm Jm 

for every function / : M — > M. Now, for every 1-form (3 G Q,^{M), we 
have {f3 A dat) {vi,V2, vs) = (3{vi)K and hence (3 A daj = (3{vi)KdyolM- With 
f3 = df this gives (|18p . The formula for the covariant divergence of Vi follows 
by replacing / with This proves the lemma. □ 

Lemma 2.5. The covariant Hessian of £/ at f ^ ^ is the operator 
'P = Pf: 0°(M, f*TX) n^{M, f*TX) 

given by 

PC ■■= + + K%,C (19) 

for C £ Q,^{M, f*TX). Here V is the Levi-Civita connection of the hy- 
perkdhler metric on X. The operator f : W^'^{M, f*TX) L^{M, f*TX) 
is self-adjoint with respect to the inner product (jl7p . 

Proof. The covariant Hessian of ^ at / E ^ is defined by the formula 
C I— > Vj(^/t)|j=o where t ft is a smooth curve in ^ with fo = f and 
dtft\t=o = C- Hence ([THD follows from the fact that the complex structures 
/, J, K are covariant constant and V is torsion free. That p is symmetric 
with respect to the inner product p7|) follows from Lemma [2.4i To prove 
that p is self-adjoint we observe that its square is given by 

+ l{R{df iv2), dfiv^m - V[.„.3]C) 
+ j{R{df{v3),df{vi))C-V[,^^,,]C) 
+ K{R{df{vi),df{v2m-V[„^^,^]C). 

Here R denotes the Riemann curvature tensor on X. Since vi,V2,vs are 
linearly independent is a standard second order elliptic operator in local 
coordinates (with leading term in diagonal form) and hence has the usual 
elliptic regularity properties. In particular, if ^ S and p^ G L^, then 
'p'^C £ W~^''^ and elliptic regularity gives ^ G W^''^. This implies that p is 
self-adjoint as an operator on with domain W^''^, as claimed. □ 
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As in symplectic and instanton Floer theories it is a fundamental obser- 
vation that the action functional is unbounded above and below and that 
the operator 'p has infinitely positive and negative eigenvalues. 

Remark 2.6. If the symplectic forms = d\i on X are exact then the 
hypersymplectic action functional can be written in the form 

3 

=2^(/)= / y^Ai(a,J)KdvoW. 
hi 

The archetypal example is the space X = H of quaternions with the standard 
hyperkahler structure. In this case the operator / i— > ^(/) = "pf is linear 
and the hypersymplectic action is the associated quadratic form 

^{^) = \ I (/,?>/>^dvolM. 

Since £/ (/) = for every real valued function / : M ^ M C HI it follows that 
the negative and positive eigenspaces of p are both infinite dimensional. In 
the case M = with the standard hypercontact structure, specific eigen- 
functions are f{y) = y with eigenvalue —3, f{y) = y + 2y with eigenvalue 1, 
and f{y) = l o h{y) where h : S"^ ^ S'^ is a suitable Hopf fibration and 
i : S*^ — > in is the inclusion of the 2-sphere into the imaginary quaternions; 
in the last example the eigenvalue is —4. 



Perturbations 

Let H : X X M ^ M. he a smooth function and define the perturbed hyper- 
symplectic action functional £/h : =^ — > M by 

3 



[ VoiAri^i- / H{f)KdyolM. 



Here we write H{f) for the function M — > M : y i— > H{f{y),y). For y & M 
let Hy := H(-,y) and denote by 'VH{-,y) := VHy the gradient of H with 
respect to the first argument. Then, by Lemma l2.ll the critical points of 
si/h are the solutions of the perturbed equation 

Idfivi) + Jdf{v2) + Kdfivs) = VH{f). (21) 

Here we denote by VH{f) the vector field y i-^ V Hy{f{y)) along /. By 
Lemma |2.2( every solution of (|2ip satisfies the inequality 

^hU) >-J^^ (^^Hif) + i \VH{f)\^^ dvolM. 
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Gradient flow lines 

By Lemma [2711 the gradient of s^h with respect to the inner product (fTTj) 
is given by 

gradM/(/) = Uf{v^) + Jdf(v2) + Kdf(v^) - VH{f) =: ^^(/). 

Hence the negative gradient flow hnes of £/h are the solutions ti : M x M — > X 
of the partial differential equation 

dsu + Id^.u + Jdy^u + Kdy^u = VH{u). (22) 

The energy of a smooth map u : M x M — > X is defined by 

^h{u) ■■=1: I (\dsuf + l^ji^(n)l^) Kdvohfds. 

As in finite dimensional Morse theory and Floer homology, the finite energy 
solutions of (j22p are the ones that converge to critical points of the perturbed 
hypersymplectic action functional as s tends to ±oo (see Theorem 13 . 1 31 be- 
low). Thus, in the case Sniu) < oo, there are solutions : M — > X of 
equation ([2T]) such that lims^±oo dsu{s , y) = 0, uniformly in y, and 

lirn u{s,y) = f^{y), lini ^hHs,-)) = -i^Hif^)- (23) 

s— »±oo s—>±oo 

Moreover the solutions of (|22p minimize the energy S'h{u) subject to (I23p 
and their energy is S'niu) = £^H{f~) — ^nif^)- 

Moduli spaces 

A solution / of ^^{f) = is called nondegenerate if the perturbed Hessian 

Pf.Hi ■■= I^v.C + J^v,C + - ^VHyif) (24) 

is bijective. We shall prove that nondegeneracy can be achieved by a generic 
choice of the Hamiltonian i7 : X x M — > R (see Theorem 14.11 below) . As- 
suming this we fix two critical points of the perturbed hypersymplectic 
action functional £/h and denote the space of Floer trajectories by 

^(/~, f+;H) := \ u -.Rx M ^ X\u satisfies 1^, 1^, sup \du\ < oo I . 

I RxM J 

We shall prove, again for a generic choice of the perturbation, that these 
spaces are smooth finite dimensional manifolds. The proof will involve the 
linearized operator 

^uM ■■= + I^v,^ + J^V2C + KV^sC - Vi:VH{u). (25) 
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As in all other versions of Floer homology the Fredholm index of this oper- 
ator is the spectral flow of the Hessians along u. We shall prove that, when 
M is a Cartan hypercontact 3-manifold and X is flat all the known analysis 
of symplectic Floer theory carries over to the present setting and gives rise 
to Floer homology groups that are isomorphic to the singular homology of 
X. This leads to the following existence theorem for solutions of 0jj{f) = 0. 
We emphasize that the algebraic count of the solutions gives zero and thus 
does not provide an existence result. 

Theorem 2.7. Let M be a compact Cartan hypercontact 3-manifold and X 
be a compact flat hyperkdhler manifold. If every solution f of ^jj{f) = is 
nondegenerate then their number is bounded below by the sum of the Betti 
numbers of X (with coefficient ring In particular, ^fj{f) = has a 

solution for every smooth function H : X x M ^ M. 

Proof. See Section [5l □ 



3 Regularity and compactness 

We assume throughout that X is a compact hyperkahler manifold and M 
is a compact 3-manifold equipped with a positive hypercontact structure a. 
Then the Reeb vector fields vi,V2, 1^3 form a (positive) orthonormal frame 
of TM and hence determine a second order elliptic operator 

3 3 
L:=Y,^v,^v, = -d*d-J2 <iw{vi)^v, ■ (26) 

1=1 i=l 

If a is a Cartan structure then div{vi) = d*ai = (by Lemma [2 ■4p and so L 
is the Laplace-Beltrami operator on M. In local coordinates y^,y^,y^ on 
M the operator L has the form 

ti,u=l " ^ v=l ^ 

where 

i=l j,M=l 

Since the vector fields Vi form an orthonormal frame of TM, the coeffi- 
cients a^^^ define the Riemannian metric on the cotangent bundle in our 
local coordinates. The operators L on M and 

^ := dsds + L (28) 
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on M X M will play a central role in our study of the solutions of equa- 
tions (EH) and (El. 



Theorem 3.1 (Regularity). If p > 3 then every W^'^ solution f of 
^fj{f) = is smooth. If p > A then every W^''^ solution u of ()22p is 
smooth. 

Proof. For every vector field v G Vect(M) we write dvf = C-vf = df[v). 
Then, for every smooth map f : M ^ X and any two vector fields v, w 
on M, we have V^dwf — V^d^f = —d^y^^^f. Hence 

3 
i=l 

In local coordinates (x^, . . . , x™) on X and (y^, y^, y^) on M we have 
(Vd fY- T (^v^w^ + ^^v^+Tt^.^^^^^^.^^ 
With L as in (p7|) this gives 



At,i'=lij=l 

where 

m 3 

dy 



l=\ u=l 



Moreover, the function h) := {Jp^{f)f = {p\/H{f))'' is given by 



h 

where 



k _ ^^^.J djVHY df^ djVHY ^ , dfA 

j,e=iu=i \ ^ ^ j=i ^ / 



Hence every solution of (i2T]l (of class M/^^'^) satisfies the elliptic pde 

i/' = -E Er|<.''"irg.-9?-'.?- (30) 

IJ.,u=li,j=l ^ ^ 
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If / G W^'^ for some p > 3 then the right hand side is in L^/^ and hence, by 
elhptic regularity, / is of class VF^'P/^. By the Sobolev embedding theorem, 
we then obtain / G W^''^ where q := 3p/{Q—p) > p. Continuing by induction, 
we obtain eventually that / S W^''^ for some q > 6, hence / G VF^'^ and, 
again by induction, / G W^'^ for every integer k. 

To prove regularity for the solutions of (j22p we introduce the operators 

^ := V, + /V„i + JV^2 + irV„3 , ^* ■=-Vs + IVy, + JV„2 + KVy^ 

Then 

3 

i=l ^^^) 

Here we have used ([29]) and the fact that VsOy^u = V^^dgU for i = 1,2,3. 
If u is a solution of ()22p then dgU + ^{u) = 'VH{u). Hence in this case we 
obtain the equation 

^-'^ = - E E [^^ + -"'9^,9^ hi (32) 



where 



fl,U = l ^ ^ u=l ^ 



and 



y-^—— + ^-— + ^T,^{VH)—j (33) 

If ti G M^^'-P with p > 4 then the right hand side in pip is in L^/^ and so 
u G Ty^'^/^. Thus the Sobolev embedding theorem gives u G W^''^ with 
:= 4p/(8 — p) > p. Continuing by induction we obtain that u is smooth. 
This proves the theorem. □ 



19 



The bootstrapping argument in the proof of Theorem 13.11 gives rise 
to uniform estimates for sequences that are bounded in W^'^. Hence the 
Arzela-Ascoh theorem gives the following compactness result. 

Theorem 3.2. Assume X is compact. 

(i) Let p > 3 and Q C M be an open set. Then every sequence of solutions 
: ^ X of equation ([2T]) that satisfies sup^ ll4f'^llLP(c) < °° f^'^ every 

compact set C C ^ has a subsequence that converges in the C°° topology on 
every compact subset of VL. 

(ii) Let p > 4 and Q C M x M be an open set. Then every sequence of 
solutions : Q. ^ X of equation ([22|l that satisfies sup,^ N'"'^IIlp(c) < °° 
for every compact set C d Vt has a subsequence that converges in the 
topology on every compact subset ofQ. 

A priori estimates 

To remove the bounded derivative assumption in Theorem 13.21 at least in 
the case where X is flat, we establish mean value inequalities for the energy 
density of the solutions of (f22l) . The solutions of ([2T]) then correspond to 
the special case dgU = 0. The mean value inequalities will be based on 
Theorem IB. II in Appendix [Bj 

Throughout we denote by L and ^ the operators (126]) and (1281) on M 
and ffi X M, respectively, and by R the Riemann curvature tensor on X. For 
a map u : M x M — > X we define the energy density e„ : M x M — > M by 

en := ^ \dsu\'^ ^ ^ l^^'^'"!^ ' 

i=l 

and the scalar curvature r„ : M x M — > M along u by 

3 3 

ru ■■= 2'^{R{dsU, dy.u)dy.u, dgu) + ^ {R{dy.u,dy^u)dy.u,dv^u). 
i=i «,i=i 
Throughout we fix a Hamiltonian perturbation H : X x M ^ M. We 
explicitly do not assume that the hypercontact structure on M is a Cartan 
structure (unless otherwise mentioned). 

Lemma 3.3. There are positive constants A and B, depending only on the 
vector fields Vi, the metric on X, and the Hamiltonian perturbation H , such 
that every solution : M x M — > X of (j22]) satisfies the estimate 

^e^ + ru>-A-B{euf'\ (34) 

If H = we obtain an estimate of the form .^Cu + > —Ce^. 
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Proof. It is convenient to denote the vector field 3^ on M x M by uo- Then 
the Lie brackets [vo,Vj] vanish for all j, but we shall not use this fact. 
Abbreviate 



Wi := [V2,V3], W2 ■■= [V3,vi], W3:=[vi,V2] 

and define the operators 

3 3 
i=0 1=0 

Thus acts on maps n : M x M — > X and acts on vector fields along 
such maps. With this notation every solution u of (j22p satisfies the equation 



u 



££^u = -&*VH{u) - Idy,^u - Jdy,^u - Kd^,u, (35) 
where ^* = -Vs + IVv-, + J^vi + KVu^. Moreover, 

3 3 

= '^{^^dy.u,dy^u) + pu, Pu ■■= I'^v.dy.ul . (36) 

j=0 i,j=0 

We compute 

i i 
i 

i 

= ^ Ridy^u, dy.u)dy^u + hj{u) + Cj(n), 

i 

where the sums are over i = 0, 1, 2, 3 and 

£,j{u) := -IVi,.dw^u - JVy.dw2U - KV^^dw^u 



"J 
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Since the vector fields vi,V2, form an ortlionormal frame of TM there is 
a constant c > 1 such that, for every smooth map n : M x M — > X and every 
smooth perturbation H : X x M ^ M, we have 



j=0 



^ < c \\H\\(j3 (1 + e„ + y/p^) 

\ j=0 



Here pu is as in (|36|) . This gives 



i=o 



j=0 



j=0 



Pu 



< ^ + c + - e. 



Pu J, 

2 

Hence it foUows from (I36p that 

3 

-S?e„ + ru = + ^(/ij('u) +^j(u),5u 

j=0 



< ^ + c2 \\H\\l3 eu + \/2c 11^3 ^{l + e«). 



> - Q + c + \\H\\l-^ en - V2c \\H\\cz {euf'\l + e„) 

> -c2 ||F||^3 - (l + c + c2 lli/11^3) e„ - V2c \\H\\cs {euf^ 



and thus 



^eu + r„ > -C (||i7||^3 + (1 + ll/^llca) e„ + 11^11^3 (en)'/') , (37) 



where C := 1 + c^. Using the inequahty ab < + §5^/^ for a,5 > 
obtain (1341) with 



we 



A:=C(||i7||^3 + ^(l+||//||^3 



B:=C[- + \\H\\c.]. 



This proves the lemma. 



□ 
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Remark 3.4. For general hyperkahler manifolds Lemma 13.31 gives an esti- 
mate of the form 



for the energy density of solutions of (|21|) and (|22|) . In dimensions n = 3, 4 
the exponent 2 is larger than the critical exponent {n+2)/n in Theorem lB.il 
For the critical points f : M ^ X of £/h this means that the energy 



does not control the sup norm of \df\ even if we assume that there is no en- 
ergy concentration near points. This is related to noncompactness phenom- 
ena that can be easily observed in examples. Namely, composing a holomor- 
phic sphere in X (for one of the complex structures Jx = Xil + A2 J + X3K) 
with a suitable Hopf fibration gives rise to a solution of ^(/) = 0. Now the 
bubbling phenomenon for holomorphic spheres leads to sequences : S"^ ^ 
X of solutions of (j2ip where the derivative df^ blows up along a Hopf circle, 
while the energy remains bounded. 

Lemma 3.5. There is a constant C > 0, depending only on the vector fields 
Vi, the metric on X, and the Hamiltonian perturbation H, such that every 
solution ti : M X M — > X of (I22|) satisfies the estimate 



Proof. Abbreviate vq := ds and wi := [^2,^3], W2 ■= [^3,^1], ^3 := [i'i,U2] 
as in the proof of Lemma 13. 3[ Define the functions cq , tq : M x M — > M by 



> -c(l + 6^) 





(38) 




3 




i=l 



Then 



3 




(39) 



i=0 



As in the proof of Lemma 13.31 we have 



(40) 



where the sum is over i = 1,2,3 and 
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Now 

\ho{u)\ + Mu)\ <c| l + \du\+ lY^l^vAul^ 1 \ds 



and hence it follows from (j39p and (I40p that 



> ^ ^ |Vt,,^(9su|^ - 2c(^l + Iditl + ceojeo- 

j 

Since cq < \du\'^ and tq < c|(iu|^ eo this proves ([38]) . □ 
Compactness for critical points 

Theorem 3.6. Let M be a Cartan hypercontact 3-manifold and X be a com- 
pact flat hyperkdhler manifold. Let H : X x M be any smooth function. 
Then the set of solutions of (j2ip is compact in the C°° topology. 

Lemma 3.7. Let M be a Cartan hypercontact 3-manifold and X be a com- 
pact flat hyperkdhler manifold. Then there is a constant c > such that 



■S/if)<C [ |^(/)|'dvolM 



for every f £ {F. In particular, every solution of (jl3p is constant. 
Proof. Throughout we abbreviate 



'^^ l/pdvoU/, \\df\\ := Jj^^ \dffdY0lM. 



The Poincare inequality asserts that there is a constant C > such that 
every smooth function f : M ^ satisfies 

/dvoU/ = =^ 11/11 <C||d/||. (41) 

M 



Since a is a Cartan structure equation (j29|) takes the form 

ppf = d*df - Kff (42) 
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for / : M — > H". Here we write ^(/) = ^/ because X = is equipped 
with the standard flat metric and / ^(/) is a hnear operator. Taking the 
inner product with / we obtain 



for every smooth map / : M — > W^. (We can drop the mean value zero con- 
dition by adding a constant to /.) Now the theorem of Geiges-Gonzalo [Hj 
shows that M is a quotient of the 3-sphere by a finite subgroup of SU(2). 
If M = 5^ every smooth map / : M — > X factors through a map to the 
universal cover of X and the assertion follows. The general case follows 
from the special case for the induced map on the universal cover of M. □ 

Proof of Theorem \3.(k By Lemma [3.7l the critical points of s/h satisfy a uni- 
form action bound. The action bound and the energy identity of Lemma [2.2l 
give a uniform L} bound on the functions := Since the exponent 

I in the estimate (j34p of Lemma 13.31 is less than the critical exponent | 
we obtain from the Heinz trick (Theorem IB.lh a uniform L°° bound on the 
sequence e^- Hence the result follows from Theorem 13.21 □ 

Remark 3.8. If M is the 3-torus then the assertion of Lemma [3.71 continues 
to hold for the contractible maps f : M X. In the noncontractible case 
we may have nonconstant solutions of (j2ip and the estimate of Lemma 13.71 
only holds with an additional constant on the right. 

Remark 3.9. Let X be a K3 surface. Then compactness fails for the critical 
points of £/h even in the case H = and for sequences with bounded energy 
(see Remark l3.4p . 

Compactness and exponential decay for Floer trajectories 

Lemma 3.10. Let M he a Cartan hypercontact 3-manifold and X be a 
compact hyperkdhler manifold. Let H : X x M ^ be any smooth function 
and n:MxM— >X be a solution of (I22p . Then the following holds. 



\\dff = [ {f,ppf + Kpf)dvolM 



Jm 



< \\Pff + K\\f\\\\pf\\ 

< \\pff + KC\\df\\\\pf\\ 



< \\Pff + ^\\dff + ^\\Pff 



whenever / has mean value zero. By Lemma 12.21 this implies 
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(i) For every s G R i(;e have 

]- f < =c/(n(s,-)) +Vol(M) sup |V//|V ^ / \dsu\^ . (43) 

(ii) // u has finite energy 

/oo p 
/ |i9sti|^ Kdvolj\/ (is < oo 
-oo Jm 

and sup\du\ < oo then all the derivatives of u are bounded on M. x M and 
dgU converges to zero in the C°° topology as s tends to ±00. 

(iii) // X is flat then 

(S'h{u) < 00 =^ sup|(iii| < 00. 
Proof. We prove (i). By Lemma 12.21 every solution u of (j22p satisfies 

^{u{s, •)) = s^iuis, + l [ \VH{u) - dsu\^ 

^ Jm 

and hence 

I [ \du\' = ^{u{sr)) + l [ \dsu\' 

^ JM ^ JM 



< ^iu{s, •)) + Vol(M) sup \VH\^ + I / \d, 

XxM 2 Jj^j 



|2 



Here we have used the fact that the hypercontact structure on M is a Cartan 
structure. This proves (i). 

We prove (ii). Since u satisfies (j35p and \du\ is bounded the standard 
elhptic bootstrapping arguments as in the proof of Theorem 13 . 1 1 give uniform 
bounds on the higher derivatives of u. Since \du\ is bounded it follows from 
Lemma 13.51 that the function |c?sn|^ satisfies an estimate of the form 

^|5,n|2 > -C\dsu\^ . 

This in turn implies that u satisfies the mean value inequality 

so+l , 

2 



\dsu{sQ,y)\ <c / \dsu\ dvol m ds 

Jso~i Jm 

for a suitable constant c > (see Theorem IB . II with ^ = and fi = a = 1). 
Using the finite energy condition again we find that dgU converges to zero 
uniformly as |s| tends to infinity. Convergence of the higher derivatives of 
dsU follows from an elliptic bootstrapping argument using equation (j40p . 
This proves (ii). 
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We prove (iii). Assume X is flat. Then it follows from Lemma 13.31 that 
there are positive constants A and B such that 

> -A-B\duf 

for every solution : M x M — > X of (j22p . Hence, by Theorem IB. 11 there 
are positive constants H and c such that every solution of ([22|) satisfies 

B'^ f \du\^<n =^ \du{z)\'^ < c { Ar^ + \ [ \du\A (44) 

JBriz) \ JBriz) J 

for z G R X M and < r < 1. Now suppose u : M x Af — > X is a solution 
of (j22p with finite energy S'niu) < oo. Then the formula 



dsu\ K dvolM ds = £^h{u{sq^ •)) — £/h{u{si, •)) 

shows that there is a constant C > such that £/h{u{s, ■)) < C for all s. 
Explicitly we can choose C := (^^(0, ■)) + S}{{u). Combining this with (j43p 
we obtain an inequality 

/ \du\^ <c + 3 [ Idsul"^ (45) 
Jm Jm 

for every s G M, where c := 2C + 2Vol(M) sup |Vff|. Next we choose T > 
so large that 

2 ^ 
\dsu\ dvoUf < 

Then, for zq = {sq, yo) £ [T + 1, oo) x M and r < we have 



f 2 r°^'" /■ 2 

/ < / / \du\ dvolM ds 

J Brizn) Jsn-r JM 

3 / \dsu\^ dvolM ) ds 
JM J 



Br{zo) JsQ-r JM 

SQ+r 

< I I c + 



SQ-r 

f°° f , ,2 

< 2cr + 3 / / \dsu\ dvolM ds 

JT JM 

3h h 

< 2cr + —r < —r. 

AB^ B^ 



Here the second inequality follows from (j45p and the third from the fact 
that Sq — r > T . The same estimate holds for sq < —T — 1. Hence it follows 
from (I44p that \du\ is bounded. This proves the lemma. □ 
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Remark 3.11. It is an open question if part (iii) of Lemma 13.101 continues 
to hold without the hypothesis that X is fiat. 

Lemma 3.12. Let M he a Cartan hypercontact 3-manifold and X be a 
compact flat hyperkahler manifold. Let Li : X x M ^ M be any smooth 
function. Then there is a constant c > such that 

—c < £^h{u{s, •)) < c 

for every finite energy solution n : R x M — > X of (122^ and every s G M. 

Proof. By Theorem 13.61 there is a constant c > such that 

-C < £^H{f) < C 

for every critical point of s^h- Now let n : M x M ^ X be a finite energy 
solution of ()22p and choose a sequence of real numbers s^ — > — oo. Passing 
to a subsequence we may assume that u{s'^ + •, •) converges, uniformly with 
all derivatives, to a solution of <\22\\ on the domain [—1, 1] x M. By (i), this 
solution is a critical point of s^h- Hence 

lim s!/h{u{s'' ,■)) < c. 

u~*oo 

Since the action is nonincreasing along negative gradient flow lines this shows 
that £/{u{s, •)) < c for all s G M. The lower bound is obtained by the same 
argument for a sequence s'^ — > +oo. This proves the lemma. □ 

Theorem 3.13 (Exponential decay). Let M be a Cartan hypercontact 
3-manifold and X be a compact hyperkahler manifold. Let Li : X x M 
be a smooth function such that every solution of (I21|) is nondegenerate. Let 
tiilRxM— >X be a solution of ()22p . Then the following are equivalent. 

(a) The energy S'h{u) is finite and \du\ is bounded. 

(b) There are solutions f^:M^X of equation ()2ip such that 

hrn u{s,y) = f^{y), lim {u{s , ■)) = (f^) , (46) 

s— >±oo s— >±oo 

and luns^±oo dsu{s,y) = 0, Moreover, the convergence is uniform in y 
and \du\ is bounded. 

(c) There are positive constants p and ci, C2, C3, . . . such that 

\\^M\c'^{{R\[-T,T])xM) ^ CiC-f'^ (47) 

for every T > and every integer i > 0. Moreover, \du\ is bounded. 
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Proof. That (c) implies (a) is obvious. We prove that (a) implies (b). By 
Lemma 13.101 it follows from (a) that \dsu\ converges to zero uniformly as |s| 
tends to infinity and that du is uniformly bounded with all its derivatives. 
Hence every sequence Si, ±00 has a subsequence, still denoted by s^, 
such that u{s^, •) converges in the C°° topology to a solution of (pT|) . Now 
it follows from the nondegeneracy of the critical points of £/h that they are 
isolated. Hence the limit is independent of the sequence s,^. This proves (b). 

We prove that (b) implies (c). Consider the function : M ^ [0,oo) 
defined by 



K, \dsu\'^ dvolM- 



'M 

By assumption, this function converges to zero as s tends to ±00. Moreover, 
its second derivative is given by 

(f)"{s)= / K\VsdsU\'^+ / K{Vs^sdsU,dsu) 

Jm Jm 

Denote by 

-pjj ■= /V„^ + JV^,2 + i^V„3 - VVH{u) 
the covariant Hessian as in (j24p . Since the vector fields Vi are independent 



of s we have 

VsdsU = -Vs0^{u) = -p^dsu = p^^^iu).. 
Differentiating this equation covariantly with respect to s we obtain 

Since ^ is self-adjoint with respect to the inner product with weight k 
this gives 

= / K\Vsdsu\^+ / K\'pHdsu\^- / n{[Vs,fH\dsU,dsu). 
Jm Jm Jm 

Since \du\ is bounded we have an inequality 

/ K{\Vs,pH](^sU,dsu) < c\\dsU\\^ooiM) i \dsU\^- 

Jm Jm 

Moreover, by Lemma 13.101 the bound on \du\ guarantees that u{s,-) con- 
verges in the C°° topology to as s tends to ±00. Since are nonde- 
generate critical points of £/h we deduce that there is a constant p > such 
that, for \s\ sufficiently large, we have 



Jm Jm 



|2 

u\ 
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Choosing \s\ so large that c ||5sn||^oo(A,/) < we then obtain 
Hence 

^^e-P^{4>'{s) + pct>{s)) = e-P'^{ct>"{s) - p'c^is)) > 0. 
Since (^(s) — > as s — > oo we must have 

/90(s) + </.'(s) < 

for all sufficiently large s and hence e^'^(j){s) is nonincreasing. This proves 
the exponential decay for (p. To establish exponential decay for the higher 
derivatives one can use an elliptic bootstrapping argument based on equa- 
tion ()40p to show that the norm of dgU controls the higher derivatives. 
This proves the theorem. □ 

Remark 3.14. If X is flat then the condition sup|(in| < oo in (a-c) in 
Theorem 13.131 can be dropped. This follows from Lemma 13.101 (iii) and the 
fact that each of the conditions (I46p and ()47p guarantees finite energy. Sim- 
ilarly, the next theorem continues to hold for general compact hyperkahler 
manifolds if we impose the additional condition supj^sup^xM \du'^\ < oo. 

Theorem 3.15 (Compactness). Let M be a Cartan hypercontact 3-man- 
ifold and X be a compact flat hyperkahler manifold. Let H : X x M ^ M 
be a smooth function such that every solution f of ^^^{f) = is nondegen- 
erate. Let be two distinct critical points of s^u and u'^ be a sequence in 
^{f~,f'^;H). Then there is a subsequence (still denoted byu'^), a catena- 
tion 

ui £ ^{fo,fi;H),U2 £ ^{fi,f2;H),...,UN G ^(/at-i, /at; i?) 
of Floer trajectories, and there are sequences Si < S2 < ■ ■ ■ < s'^ such that 

/0 = r, fN = f^, S^H{fj~l)>^H{fj), 

and, for j = 1,...,N, the shifted sequence u'^{Sj + •,•) converges to Uj 
uniformly with all derivatives on every compact subset o/M x M. 

Proof. By Lemma 13.101 the functions u"^ satisfy (j44p for suitable constants 
A,B,c, h. This implies the following. 
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Energy quantization I. Let xq € K x M and suppose that there is a 
sequence — > xq such that \du'^[x^)\ diverges to infinity. Then 

liminf [ \du^'f' > 
'^^"^ Jb,(xo) 

for every e > 0. 

The proof uses the Wehrheim trick. Suppose, by contradiction, that there 
is a constant e > and a sequence — > oo such that ^^^^-^ \du'^^\'^ < H 

for every i. Then we can use (j44p with x G -Be/2(^o) and r = e/2 to obtain 

, , . m2 f Ae'^ 16 /■ , , „ ,A Ace^ IQch 



for all X £ B^I2{xq) and u > vq. With x = x''' it follows that the sequence 
I dn*^' (x*^' ) I is bounded, a contradiction. 

Energy quantization II. Let xq = (so,yo) G M x M and suppose that 
there is a sequence x^ = {s'^,y'^) — > (so,xo) such that \du'^(x'^)\ diverges to 
infinity. Then 

fSQ+e 



liminf / / |5,n^p > 

for every e > 0. 

By Lemma 13.101 (i) we have 



3^2 



M ■J JM 

for some constant c > independent of u and s. The assertion follows by 
integrating this inequality from sq — e to sq + e and taking the limit e — > 0. 

With this understood it follows that, after passing to a subsequence, we 
obtain divergence of the energy density at most near finitely many points. 
On the complement of these finitely many points, a further subsequence 
converges to a solution of dsU°° + ^^i'^^) = in the C°° topology, 
by Theorem 13. 2[ Now it follows from the inequality (j48p that the L^ norm 
of du°^ is finite on every compact subset of M x M and in particular in 
a neighborhood of each bubbling point. Hence we can use the removable 
singularity theorem IC.ll to deduce that the limit solution can be extended 
into the finitely many missing points. The upshot is that, by standard 
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arguments, we obtain a convergent subsequence as in the statement of the 
theorem, except that u'^{sj+-, •) need only converge to Uj in the complement 
of finitely many points. If these bubbling points do exist we have 

^Hifj-l) - ^Hifj) = <^H{Uj) < hm H''^ [ IdsU'^l' - 4 

for some j. However, this would imply that the sum of the energies ^H{uj) 
is strictly smaller than £'h{u'^) = ^H{f~) — ^H{f^) which is clearly im- 
possible. Thus bubbling cannot occur and the sequence \du^\ must remain 
uniformly bounded. This proves the theorem. □ 

Remark 3.16. A key issue in developing the Floer theory of the action 
functional for general (compact) hyperkahler manifolds is to extend 
Theorems 13.61 and 13.151 to the nonflat case. One then has to address the 
codimension-2 bubbling phenomenon for finite energy sequences of solutions 
/ of ^hU) = and u of dsU + 0^{u) = 0. 

4 Moduli spaces and transversality 

Transversality for critical points 

Let ^ := C°°{X x M) and, for H e,^, denote by 

^{H) ■={f : M ^ X\f satisfies 0^{f) = 0} 

the set of critical points of £/h- Recall that a critical point / G ^{H) is 
called nondegenerate if the Hessian 

ff jj := IV,, + JV,, + KV,3 - VVHif) 

is bijective as an operator from Tf^ = Q^{M, f*TX) to itself (respectively 
as an operator from W''+'^'P{MJ*TX) to W^'P{MJ*TX)). Denote by 

^morse _ |^ ^ ^ | g^^^y critical point / G 'rf{H) is nondegenerate} 
of all H £ Jif such that £/h : ^ — > M is a Morse function. 

Theorem 4.1. For every compact 3-manifold M with a positive hypercon- 
tact structure and every hyperkahler manifold X the set j^"^"^^^ is of the 
second category in J^. 
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Proof. Fix an integer £ > 2 and abbreviate := C\X x M). Then 
the regularity argument in the proof of Theorem 13.11 shows that / with 
^nif) = is of class W^'"'^ for any p < oo. Fix a constant p > 3 and denote 
by 

:= G W^'P{M,X) xje^lf satisfies ^^(/) = o} 

the universal moduli space of critical points. We prove that is a C^~^ 
Banach manifold. It is the zero set of a C^~^ section of a Banach space 
bundle 

^ ^W^'P{M,X) X Jf^ 
with fibers ^f,H ■= L^iM, f*Tx). The section is given by 

and we must prove that it is transverse to the zero section. Equivalently, 
the operator 

W^'P{M, rrX) xj^f'^ LP{M, fTX), (C, h) ^ pffj^ - Vh{f) (49) 

is surjective for every H € Jif^ and every / € 'io{H). 

Let 1/p + \/q = \ and choose an element r] G L''{AI, f*TX) that anni- 
hilates the image of (j49p in the sense that 

[ {7],pfj^C-Vhif))Kdvo\M = 

Jm 

for all h e J^e and ^ € ^^^'^(M, /*rX). Then, by elliptic regularity, we 
have ri € T^^'P(M, /*rX) and 

p.j^i] = 0, [ (ri, V h{ f )) Kdvohi = yheJ^^. 
Jm 

In particular is continuous. If r/ ^ then it is easy to find a smooth 
function /i : X x M — > M such that (^77, V/i(/)) > everywhere on M and 
(ry, V/i(/)) > somewhere. Namely, choose a point yo £ M with 77(1/0) 7^ 
and a function ho : X ^M. such that 

^o(/(?/o)) = 0, V/io(/(?/o)) = ^(yo). 
Then there is a neighborhood Uq C M of yo such that 

{v{y),Vho{f{y)))>0 
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for all y & Uq. Now choose a smooth cutoff function /? : M — > [0, 1] with 
support in Uq such that (3{yo) = 1. Then the function h{y,x) := /3(y)/io(a;) 
has the required properties. Thus we have proved that the operator ([19|) is 
always surjective and hence is a C^~^ Banach manifold as claimed. 
Now the obvious projection 

is a C^~^ Fredholm map of index zero. Since £ > 2, it follows from the Sard- 
Smale theorem that the set ^"^o^*^^.^ c of regular values of TT^ is dense 
in . Now the result follows by the usual Taubes trick as explained, for 
example, in Chapter 3]. Namely, for a constant c > we may introduce 
the set of all B. E such that the critical points / G ^{H) 

with sup|(i/| < c are nondegenerate. By Theorem 13. 6| this set is open in 
and J^"!"'-'^'^.^ = nc>o^c™°'''''^. We then obtain with £ = oo that each 
corresponding set j^™™'^'^ is open and dense in M' and so 



^^^morsG 1^ ^^^morse 

c>0 

is a countable intersection of open and dense sets in J^. This proves the 
theorem. □ 



Fredholm theory 

The study of the spaces of solutions of (|22p is based on the linearized oper- 
ators &u,H ■■ W^^P{R X M, u*TX) LP(M X M, u*TX) defined by 

&u,H ■■= V, + /V^, + JV^2 + i^V„3 - VVH{u). 

It follows from the familiar arguments in Floer homology that &u,H is a 
Fredholm operator whenever are nondegenerate critical points of -s^h 
and u satisfies the exponential decay conditions of Theorem 13.131 It is also 
a standard result that the Fredholm index of &u,H is given by the spectral 
flow of Atiyah-Patodi-Singer [2] . More precisely, given a contractible critical 
point / G '^{H) choose a smooth path [0, 1] — > ^ : i i— > such that 

/o = constant, fi = f 

and choose e > such that the negative eigenvalues of "pj^ are all less 
than —e. Now define the integer unif) by the formula 

f^Hif) ■■= -specflow ({pf^^tH + ^(1 - *)^}o<i<0 ■ (^0) 
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It follows from equation (jlip (with S = S*^ x M) that this integer is in- 
dependent of homotopy t ^ ft whenever X is flat. If / : M — > X is not 
contractible then the definition of the index fJ-Hif) depends on the choice of 
a fixed reference map /q. 

Proposition 4.2. Assume H G ^"^"^se y± ^ <^(^)_ 

(i) For every smooth map u : M x M ^ X satisfying (|23|) t/ie operator 

S!u,H ■■ W^'P{R X M,u*TM) LP{R x M,u*TM) 
is Fredholm and its Fredholm index is 

index(^„,H) = - 

(ii) If H : X ^ M. is a Morse function with sufficiently small norm 
and f{y) = xq is a critical point of H then unif) = dim X — ind//(xo) is 
equal to the Morse index of xq as a critical point of —H (i.e. the number of 
positive eigenvalues of the Hessian of H at xq)- 

Proof. The Fredholm property in (i) follows from standard arguments in 
Floer theory as in [Bl [9] in the instanton setting and in [111 [26] in the 
symplectic setting. The index identity is a well known result about the 
correspondence between the spectral fiow and the Fredholm index (see [21 
124] ). The second assertion follows immediately from the definition of //ff. □ 

Transversality for Floer trajectories 

For G '^{H) we denote by (/~, H) the moduli space of all solutions 
u : M X M ^ X of ([22]) and ([23]) for which \du\ is bounded. To prove that 
these spaces are smooth manifolds we must show that the linearized operator 
^u,H is surjective for every solution u of equation ([22]) and ([23]) . Let 

denote the set of all Hamiltonian perturbations H G such that is 
bijective for every critical point / G '^{H) of and 2!u,H is surjective for 
every u G J^if, /+; H) and ah /± G "^{H). 

Theorem 4.3. For every compact 3-manifold M with a positive hypercon- 
tact structure and every hyperkdhler manifold X the set Jif^^^ is of the sec- 
ond category in ^ . If H £ M''^'^^ then the moduli space ^(/~, f^; H) is a 
smooth manifold of dimension 

dim ^(/-, /+; H) = fiH{f~) - mU^) 
for every pair G ^{H). 
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To prove this result we follow essentially the discussion in [13j . The first 
step is a unique continuation result. 

Proposition 4.4. Let i > 3, H e J^^, and uo,ui : M. x M ^ X be two 

C^~^ solution of (|22|) . If uq and ui agree to infinite order at a point 
iso,yo) E M X M then they agree everywhere. 

Proof. In local coordinates x^, . . . , rr™ on X and y^,y^,y^ on M both func- 
tions satisfy equation ()32p . For the difference 



u'' := (ni - uq)'' 
in local coordinates this gives an estimate 




ds 



ij=i 



dy" 



k = l. 



, m. 



This is precisely the hypothesis of Aronszajn's theorem [T]. Hence, if u van- 
ishes to infinite order at a point it must vanish identically in a neighborhood 
of that point. This implies that the set of all points (s, y) where mq and ui 
agree to infinite order is open and closed. This proves the proposition. □ 

Proposition 4.5. Let H G and n : M x M — > X be a smooth map. Let 
^ G X M,u*TX) be a vector field along u such that 

^uM = + I^vA + J^V2^ + KVy,^ - V^VHiu) = 0. 
// ^ ^ then the set 

3^:={{s,y)eRxM\^{s,y)=0} 

can be covered by countably many codimension 2 submanifolds o/M x M. In 
particular, the set (M x M) \ 2f is open, connected, and dense in M x M . 

Proof. The proof has three steps. 

Step 1. // ^ vanishes to infinite order at a point (so,yo) G K x M then ^ 
vanishes identically. 

We use the identity 



K(^R{dsU, dygu)S, - R{dy^u, dy^u)^ + V[y 



1^1, V2\ 
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If Si^ = V^VH{u) we obtain an inequality of the form 

In local coordinates the leading term of has diagonal form. Hence the 
assertion of Step 1 follows from Aronszajn's theorem [l]. 

Step 2. Let 3fk C 3f denote the set where ^ and its derivatives vanish up 
to order k. Then, for every zq = {so,yo) G 3fk \ there is an open 

neighborhood C/q C M x M and a codimension 2 submanifold V C IS. x M 
such that 

(iTfe \ nUoCV 
Fix an element zq £ 3fk\ ^k+i- For u = {uq, i^i, f2, v-s) G denote 

where vq := dg and each term V^. ocurs times. Since all derivatives of ^ 
vanish up to order k at the point zq we have 

V.^V^zo) = VVvAi^o). 

for l^l := Vq + vi + V2 + = k and i = 0, 1, 2, 3. Since ^ -^fc+i there 
is a multi index G with \v\ = k and an i G {0,1,2,3} such that 
V^.V'^^(zo) 7^ 0. Consider the vector field 

77 := 

along u. Again using the fact that all derivatives of ^ up to order k vanish 
at Zq we obtain 

V^o^(^o) + I'^v^'n{zQ) + JV^^T]{zo) + KVy.^r]{zo) = 0. 

Since one of the vectors V^,. 77(2:0) is nonzero it follows that the four vectors 
"^viVi^o) cannot all be linearly independent. Hence, in local coordinates 
x^, . . . , x'" on X there exist indices i, j G {1, . . . , m} such that the differen- 
tials of the functions r]^,r]^ (on an open neighborhood of in 1^ ^ M) are 
linearly independent. Hence, by the implicit function theorem, there is a 
neighborhood C/q C M x M of such that the set 

V :={xeUo\ 7]'{x) = r]Hx) = O} 
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is a codimension 2 submanifold of M x M. Since 

this proves Step 2. 

Step 3. We prove the proposition. 

By Step 1 we have 

oo 
k=0 

By Step 2 each of the sets 2fk \ 3^k+i can be covered by finitely many 
submanifolds of codimension 2. This proves the proposition. □ 

Let i7 G and li : M X M ^ X be a C^"^ solution of ([22]) and ([23]). 
Call a point (s, y) G M x M regular if 

9,n(s,y)/0, n(s, y) / /^(y), u(s, y) ^ n(M \ {s}, y). 

Let M{u) C M X M denote the set of regular points of u. 

Proposition 4.6. Fix an integer i > A. Let H G ^ and u -.M. x M ^ X 
be a C^~^ solution of 1^ and ([23]) with f - ^ f+. Then the set M{u) of 
regular points of u is open and dense inM x M. 

Proof. That the set ^(u) is open follows by the same argument as in the 
proof of [m Theorem 4.3]. We prove in four steps that ^{u) is dense. 

Step 1. The set 

^o{u) ■.= {{s,y) eRx M\dsu{s,y)^0} 
is open and dense in M x M. 

The vector field dgU is in the kernel of the linearized operator S^u^h and is 
a vector field of class C^~^ and hence of class C^. Now Step 1 in the proof 
of Proposition 14.51 continues to hold for vector fields and hence the set 
^oiu) is dense in M x M. That it is open is obvious. This proves Step 1. 

Step 2. The set 

=^i(n) := {(s,y) G^o(n) I n(s,y) ^ /±(y)} 
is open and dense in M x M. 
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That the set is open is obvious. We prove it is dense. By Step 1 it suffices 
to prove that every point {s, y) G ^%q{u) can be approximated by a sequence 
in ^%i{u). Because dsu{s,y) / 0, every sequence {su,y) with ^ s and 
Sjj ^ s belongs to the set l%i{u) for u sufficiently large. This proves Step 2. 

Step 3. The set 

^2{u) ■.= {{s,y) e^i{u)\u{s,y) ^u{Rx {y}\^o{um 
is open and dense in M x M. 

We prove that the set is open. Suppose, by contradiction, that there is an 
element (so,yo) £ ^2{u) and a sequence {sy,yy) G I%i{u)\^%2{u) converging 
to (so,yo)- Since {sy,yy) ^ ^%2{u) there is an s'y G M such that 

dsu{sl,y^) = 0, u{sl,y„) = u{su,yu)- 

The sequence s'^^ must be bounded; for if s'^^ ztco then ti(s'j^, y^) converges 
to f^{yo) and this implies u{so, yo) = f^{yo), a contradiction. Thus, passing 
to a subsequence, we may assumne that s'^^ converges to a point Sq G M. It 
then follows that ii(so,yo) = u{sQ,yQ) and dsu{sQ,yQ) = 0, contradicting the 
fact that (so,yo) S ^2{u)- 

We prove that the set ^2iu) is dense in M x M. It suffices to prove 
that every element (so,yo) £ ^%i{u) can be approximated by a sequence in 
^2{u)- If this is not the case for some element (soiyo) £ ^i{u) then there 
is an e > such that the following holds: 

|s — Sol < £ =^ 3s' G M such that u{s,yo) = u{s',yo), dsu{s',yo) = 0. 

However this contradicts Sard's theorem. Namely for e small the curve 

r := {u{s,yo) I \s - so\ < e} 

is a one dimensional submanifold of X and we can choose a projection 
vr : [/ ^ r on a suitable tubular neighborhood. Consider the open set S := 
{s G M I m(s, yo) S U}. The assertion would then mean that every element of 
r is a singular value of the map S — > F : s i— > 7r(n(s, yo))- By Sard's theorem, 
this is impossible whenever u is C^. This proves Step 3. 

Step 4. The set M{u) is open and dense in M x M . 

We have already observed that the set is open. We prove it is dense. By 
Step 3, it suffices to prove that every element of ^2{u) can be approximated 
by a sequence in ^(u). Suppose, by contradiction, that this is not the case 
for some element (so,?/o) £ M2{u). Then there is an open neighborhood 
U C M oi yo and two positive real number e, T such that the follwing holds. 
We abbreviate I := (so — e, so + e). 
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(a) / X U C^2{u)\^{u). 

(b) u{s,y) ^ u{I X U) for |s| > T and y eU. 

(c) The map / — > X : s i— > u{s, y) is an embedding for every y £ U. 

Since I x U C ^i{u), the condition I x U D ^{u) = means that for 
every (s,y) £ I x U there is an s' S M \ {s} such that u{s',y) = u{s,y). 
Since {s,y) € M2{u) we must have dsu{s',y) 7^ and, by (b), we have 
< T. Hence there can only be finitely many such points s' . For s = sq 
let si < • • • < Sat be the points in [— T, T] \ {sq} with 

-"(50,^0) = ^^(si,yo) = • • • = u{sN,yo)- 

Choose r > so small that the map [sj — r, + r] — > X : s 1— > u{s, yo) is an 
embedding for every j. Shrinking U if necessary, we may assume that this 
continues to hold for every y £ U. 

Next we claim that there is a 5 > and a compact neighborhood V C U 
of 2/0 such that 

N 

y£V =^ u{[so - 6,so + 6],y) C [Ju{[sj -r,Sj +r],y). 

i=i 

If this were not the case, we could find sequences {sy,yy) — > (so^yo) and 
s'j, € M \ {sy} such that u{sy^yy) = u{s'^,yy) and |s'jy — Sj| > r for all j 
and f. By taking the limit sj, — > s' we would then obtain another element 
s' ^ {so, • • • , Sat} with ti(s, yo) = ^^(■50) yo)i a contradiction. 
Now define the set 

'^j ■= {{s,y) G [so - 5, So + (5] X V\u{s,y) G u{[sj - r,Sj +r],y)} 

for j = 1,. . . ,N. These sets are closed and their union is the entire set 
[sq— 5, so+<^] X V. Hence, by Baire's category theorem, at least one of the sets 
Sj must have nonempty interior. Assume without loss of generality that Si 
has nonempty interior and that (so,yo) G int(Si). Choose a neighborhood 
W C V oi yo and a constant p > such that 

(so - p, So + p) X W C Si. 

Then for every pair (s, y) G (sq — p, sq + p) x W there is a unique element 
s' =: (t(s, y) G [si — r, si + r] such that 

u{s,y) = u{a{s,y),y). 
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This map a is evidently C and satisfies cr(so,yo) = •^i- Moreover, 
= dsu{s,y) - VH{u{s,y)) + Idi,^u{s,y) + Jdv^u{s,y) + Kdv.^u{s,y) 
= {dsa)dsu{a,y) -VH{u{a,y)) + l{dy^u{a,y) + {dy^a)dsu{a,yj^ 

+ j{dy,^u{a,y) + {d^^a)dsu{a,y)^ + K{d^.^u{a,y) + {d^^a)dsu{a,yfj 

= (^{dga - 1)1 + dyj^al + dy^a J + dv^aK^dsu{a,y). 

Since dsU ^ the four vectors dgU, IdsU, JdgU, KdsU are hnearly indepen- 
dent and thus we obtain 9^.0" = for i = 1, 2, 3 and dgcr = 1. This means 
that 

cr{s,y) = s + si - sq. 

In other words, the solution {s,y) ^ u{s + si — so,y) of (p2]) agrees with u on 
an open set. By Proposition this imphes u(s, y) = u{s + si — SQ,y) for all 
s and y. Hence /"*" = f~, a. contradiction. This proves the proposition. □ 

Proof of Theorem \4-3[ Fix a constant p > 4. There is a Banach manifold 
^ = ^(/~, of all continuous maps u : M x M — > X that are locally of 
class W^'P and, near infinity, can be written as 

u{s,y) = expy±(j^)(^^(s,y)) 

with ^+ G VFi'P([T,oo) X M,{f+)*TX) and similarly for Fix an ele- 
ment Hq G ^morsc^ Following Floer [11] we choose a separable Banach 
space C of smooth functions /i : X x M — > R satisfying the following 
axioms. 

(I) If / G '^{Hq) and h £ .3% then h vanishes to infinite order at the point 
if{y),y) for every y e M. 

(II) Let {x,y) £ X X M such that y ^ f{x) for every / G '^(i^o)- Let 
A : TxX — > M be a linear map. Then there are smooth functions /i : X — > M, 
ax ■ X ^ [0, 1], and /3a; : M — > [0, 1] such that the following holds. 

(a) h{x) = and dh{x) = A. Moreover, a and (3 are supported in the balls 
of radius 1 about x and y, respectively, and a{x) = [3{y) = 1. 

(b) For 5, e > define : X ^ [0, 1] and : M ^ [0, 1] by 

ax(exp^.(0) := ax'(exp^(<5-^0)> /3^(expj^(7?)) := /3j^(exp^(e~^?)). 
Then the function /i'^''^ : M x X ^ M given by 

h'^%x\y') := ai{x'Wy{y')h{x') 
belongs to Mq for 6, e positive and sufficiently small. 
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To define the space we choose a smooth cutoff function p : [0, oo) — > [0, 1] 
such that p{r) = 1 for r sufficiently small and p{r) = for r > tq, where 
ro is smaller than the injectivity radii of X and M. For x ^ X and y £ M 
define 



Then define to be the set of all smooth functions h : X x M ^ M. that 
vanish to infinite order along the graph of any element / G ^{Hq) and such 
that 



This space satisfies (I) and (II). 
Consider the universal moduli space 

This space is the zero set of a smooth section of the Banach space bundle 

with fibers Su,H = L^im. x M, u*TX). The section is (n, H) ^ dgU + ^jj{u) 
and the claim below asserts that it is transverse to the zero section. Hence 
^o{f~, f^) is a smooth Banach manifold. Now the obvious projection 



is a Fredholm map. Hence, by the Sard-Smale theorem, the set of regular 
values of ttq is of the second category in the sense of Baire in Hq + J%. Thus 
the set Jif^^^ is dense in J^. Now we may introduce sets JifJ'^^ D J^^°^ for 
c > 0, as in the proof of Theorem l4.1l where the requirement of transversality 
is restricted to a compact set of Floer trajectories. These sets are all open 
and, by what we have just proved, they are also dense in Jif. It then follows 
that J^f^^^ is the intersection of countably many open and dense sets J^fJ'^^ 
for c = 1,2,3,... and hence is of the second category in the sense of Baire. 

Claim. The operator 
W'^'P{R X M, u*TX) X LP{R x M, u*TX), (^, h) ^ &u,H - Vh{u) 

is surjective for every H G and every u £ ^{f~ , f'^;H). 




oo 



vro:^o(r,/+)^^o + ^o 
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Let + = 1 and suppose r] £ L'^{R x M,u*TM) annihilates the image 
of the operator in the sense that 



^u,H^ - V/i(ti)) KdvolM ds = 

oo J M 

for allheMQ and ^ G x M, u*TX). Then is smooth and 

^«,H^ = 0, / (??,V/i(u))KdvolM(is = (51) 

J RxM 

for ah /i G J^. We prove in three steps that ij vanishes identically. 
Step 1. For every s G M we have Jjyj(^r],dsU^ KdvolM = 0. 
Since !^u,HdsU = and ^* ^r? = we have 



ds 



^ I {r],dsu) ndvolM = [ ((r/,Vs9su)+ / (Vs??, Sgu)) KdvoUf 
/a/ Jm^ JM ' 

{v, S'u,Hdsu) - / (^* ji^r/, S^u) ) K dvoljv/ 



= 0. 

Here we have used the formulas &u,H = ^s+Pu H ~ ~^s + 'Pu hi ^^"^ 

the fact that "p^ is self-adjoint. Since rj € L"^ and dsU G L^, their inner 
product over M x M is finite and this proves Step 1. 

Step 2. rj{s, y) and dsu{s, y) are linearly dependent for all (s, y) G M x M. 

Suppose otherwise that dsu{so, yo) and r?(soi Uo) are linearly independent for 
some (so,yo) G M x M. By Proposition 14.61 we may assume (sO)2/o) £ ^{u). 
Choose a compact interval / C M containing sq in its interior such that 
I ^ {Uo} C M{u) and / — > X : s i— > «(s, yo) is an embedding. Then there are 
open neighborhoods U C X of u{so,yo) and F C M of yo such that 

(*) if y G y and s G M such that u{s, y) £ U then s G /. 

Otherwise there are sequences Si, G M \ / and yi, — > yo such that u{su,yu) 

converges to u( So, yo)- is unbounded then ti(so, yo) G {f'ivo), f~^{yo)}, 
which is impossible because (so,yo) G M{u). Thus the sequence Sy is 
bounded and hence has a limit point s G M\ int(/) with ti(s, yo) = u[sq, yo). 
Since s / so and (so, yo) G ^(u) this is a contradiction. 

Since dsu{so,yo) and 7?(so,yo) are linearly independent, hypothesis (II) 
on the space asserts that there is a smooth function ho : X ^ M and 
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smooth cutoff functions a : X — > [0,1] and [3 : M — > [0,1], centered at 
xq := u{so,yo) and yo, respectively, such that 



d 

ho{u{so,yo)) = 0' ^ 



ho{u{s,yo)) = 0, dho{u{so,yo))'n{so,yo) = 1, 

s=so 



and such that the function h^''' defined by 

h\x,y) := a\x)ho{x), h'^'ix,y) := iy)h' ix,y), 

is an element of for 6, e sufficiently small. If 6 and e are so small that 
Bs{u{so,yQ)) C U and Bs{yo) C V then the function (s, y) i-^ h^'"^ {u{s,y),y) 
is supported in / x F. Namely, if h^'^ {u{s , y) , y) ^ then u{s,y) G C/ and 
y £ V and hence s S /, by (*). 
Next we prove that 



/ 



dhl^ {u{s, yo)Ms, yo) ds > (52) 

for 5 > sufficiently small. To see this we observe that there is a constant 
c > 0, independent of 6, such that the following holds. First, 



(5 I 1 

=^ a {u{s,yo))dhyo{u{s,yo))r]{s,yo) > 
c ^ 



because 

a{u{so,yo)) = dhyo{u{so,yo))v{so,yo) = 1 

and hence the condition |s — so| < 5/c with c sufficiently large guarantees 
that a^{u{s,yo)) > 3/4 and dhy^^{u{s,yo))r]{s,yQ) > 2/3. Second, 

|2 



hyo{u{s,yo))da {u{s,yo))r]{s,yo) 



because the function s hyg{u{s,y())) vanishes to first order at s = sq 
and the first derivative of is bounded by a constant times 1 /6. The last 
inequality follows from the fact that da^{u{s,yo)) = for |s — so| > c6. 
Both estimates taken together show that 



/ 



■so+c5 \ /I 

dhl^{u{s,yo))ri{s,yo)ds> / { - - c^5 ] ds = 2c6 { - - c'^d 

SQ — cS 



2 \2 



Thus §21 holds for 6 < l/2c^. 
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Now choose e so small that 

dhy{u{s,y))r]{s,y)ds > 

for every y £ M with d{yQ,y) < e. Then the integral in (|51|) is positve for 
the function h{x,y) = h^'^{x,y) = P'^ {y)h^ {x,y). This proves Step 2. 

Step 3. r] vanishes identically. 

Assume, by contradiction, that rj ^ 0. Then, by Proposition 14.5^ the set 

^ := {(s, y) G M X M I dsu{s, y) + 0, r/(s, y) + 0} 

is nonempty, open, and connected. By Step 2, there is a continuous function 
A : ^ ^ M\{0} such that r/(s,y) = A(s, y)(9^n(s, y) for all € ^. Since 
^ is connected, by Proposition 14.51 the function A cannot change sign. 
Suppose A > on (Otherwise replace r\ by — ry.) Then 

(r/, dgU) = A \dsU^ > 

on and (^r],dsU^ = on M x M \ This contradicts Step 1 and proves 
Step 3, the claim, and the first assertion of the theorem. The second as- 
sertion follows from Proposition 14.21 and the infinite dimensional implicit 
function theorem. □ 

The above proof follows essentially the argument in [13\ Theorem 5.1]. 
There are, however, a few subtle but important differences. In the present 
setting we cannot remove the Hamiltonian term VH from the equation by a 
change of coordinates. Second, in symplectic Floer theory the complement 
^ := (M X M) \ of the set in Step 3 is discrete. This is replaced in the 
present context by the codimenion 2 property of Proposition 14. 5[ In [13] the 
proof argues that dgX = and, because 2f is discrete, that A can therefore 
be defined globally on M x M (and not just on '^). The condition dsX = 
can also be obtained in the present case by the same argument, but we do 
not need it to obtain the contradiction. 

The idea for the proof of the codimension 2 result was communicated 
to the third author, several years ago, by Kim Froyshov (in the context of 
Seiberg-Witten theory). This requires smooth perturbations and therefore 
we cannot work with the argument as in the proof of Theorem 14.11 but 
must instead use Floer's Banach spaces of smooth functions. As a result 
the construction of the function h in Step 2 above is somewhat less explicit 
than in the proof of [13\ Theorem 5.1]. 
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5 Floer homology 



We assume throughout that M is a compact Cartan hypercontact 3-man- 
ifold and X is a compact flat hyperkahler manifold. For H £ ^^^^ we 
introduce the chain complex 



C¥k{M,X-H):= Z2(/). 



P-HU)=k 

This group is finitely generated by Theorem 13.61 It is graded by the index 
function in equation ([50|) 



Since H E Jif^°^, Theorem 14.31 asserts that the moduli space ^{f~ , H) 
is a smooth manifolds of dimension HH{f~) — Mff (/"'') for every pair G 
^{H). The real numbers act on these spaces by time shift and it follows 
from Theorem 13.151 that 

- ^^H{t) = I =^ #.^(/-,/+;^)/M<cx). 
Thus we can use the numbers 

n2(/", /+) := #^^(/", /+; H)/^ (modulo 2) 
to define a boundary operator : CFfc(M,X;F) ^ CFfe„i(M, X; i?) by 

d"" {/-)■■= E ^2(r, /+)(/+) 

MH(/+)=fc-l 
for /- G 'rf{H) with HH{f~) = k. 

Theorem 5.1. For every H G Jf^^^ we have o = 0. 

To prove this one just needs to observe that the standard Floer gluing 
argument [6l [22l [26] carries over verbatim to the present setting. The Floer 
homology groups of (M, X;H) are now defined by 

MFUM.X.H) := a" : CF..(M. X; g) CF._.(M. .Y; 

It follows again from the familiar arguments in symplectic Floer theory that 
these Floer homology groups are independent of the choice of the Hamilto- 
nian perturbation H £ Here one can follow verbatim the discussion 

in [121 127] . using the solutions of (j22p with H depending on s, to prove the 
following theorem. 
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Theorem 5.2. There is a natural family of isomorphisms 
: HF,(M,X;if") ^ HF,(M,X;i/^), 
one for each pair H°',H^ G J^^'^^, such that 

^7/3 o ^/3a ^ ^7"^ = id. 

Theorem 5.3. Let X be a compact flat hyperkdhler manifold. Then there 
is a natural family of isomorphisms 

: H^{X; Z2) ^ HF,(M, X; 

one for every H" S r^^°^, such that 

The proof of Theorem 15.31 is based on the following result which asserts 
that the Floer chain complex agrees with the Morse complex for a special 
class of perturbations. 

Theorem 5.4. Let M be a compact Cartan hypercontact 3-manifold and X 
be a compact flat hyperkdhler manifold. Let H : X be a Morse function 
whose gradient flow is Morse-Smale. Then there is a constant £q > such 
that the following holds for < e < Eq. If are critical points of H with 
index difference ind/f(x''') — ind/f (x") < 1 and u : M x M ^ X is a finite 
energy solution of the Floer equation 

dsu + £~'^0{u) = VH{u), Urn u{s,y) = x^, (53) 

s— »itoo 

i/ien ind//(x"*") — ind//(2;~) = 1, the function u{s , y) is independent ofy G M, 
and the operator !^u,e '■= + £~^'P — WH{u) is surjective. 

Remark 5.5. Equation (|53p is equivalent, via rescaling, to the equation 

dgU + ^{u) = eV Ii{u), lim n(s,y)=x^, (54) 

for the function u{s,y) := u{es,y). Since the limit points x^ are constant 
(as functions of y) the energy is 

-(^,h{u) = <^h{u) = [ [ \dsuf K = kVo1(M) (h{x+) - H{x-)) . 

The solutions of ([M]) . and hence also those of ([53]) . determine the boundary 
operator on CF(M, X;e//). Moreover, ^u,e is surjective if and only if the 
operator ^u,£H in Proposition 14.21 is surjective. 

The proof of Theorem 15.41 needs some preparations. 
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Lemma 5.6. Let M he a compact hypercontact 3-manifold and X be a flat 
hyperkdhler manifold. If H : M x X ^ is any smooth function and 
u -.Rx M ^ X is a solution of ([22]) then 

Is' L ('^^^^""l' + < (c + \dsuf K (55) 

for all So < si and r > 0, where 

C := 2\\H\\c,\\dsu\\L^ + 2\\H\\l2 . 
Proof. For s G M define 

4>{s):= \ I Idsul"^ K, il;{s):=l- [ (\Vsdsu\'^ + \pdsu\'^) k. 
^ Jm ^ Jm ^ ' 

Then 

4>\s)= / \VsdsU^K+ / {Vs^sdsU, dsu) K 

Jm Jm 

= [ \Vsdsu\^K+ [ {VsVsVH{u),dsu)K- [ {VsdsU,pdsu)K. 
Jm Jm Jm 

Here we have used the fact that ^ commutes with V^, because X is flat, and 

that ^ is self-adjoint with respect to the inner product with weight k. 

Since VsdgU = VsVH{u) — pdsU we obtain 

0"(s) = 2V(s)+ / {VsVsVH{u),dsu)K- [ {VsyH{u),pdsu)K. 
Jm Jm 

Using the inequalities {Vs'Vs'V H {u)\ < \\H\\(j3 \dsu\'^ + ||-ff||(72 |Vs(9sti| and 
\VsVH{u)\ < \\H\\c2 \dsu\ we obtain 

<i)"{s)>2i){s)- f \VsVsVH{u)\\dsu\K - [ \VsyH{u)\\pdsu\K 
Jm Jm 

>2i;{s)-\\H\\c3 [ \dsu\^ K - \\H\\c2 [ (\Vsdsu\ + \pdsu\) \dsu\ K 
Jm Jm ^ ^ 



>^{s)-y\\H\\cA\(^su\\i^^^\\B\\'c2) j \dsu\'K 

= ^{s)-C<p{s). 
Now let r, > 0. Then, for < s < r, we have 

fsi /"Si+r rs\+s fs\+s 

i^-C < / - C0) < 



So -J SQ-r J SQ-s J so-s 

= 4>'{si + s) - 0'(so - s) 



d_ 

ds 



(t>{si + s)+ (t){so - s)^. 
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Integrating this inequality from to t we obtain 



^-c (j)] < <j){si +t)+ (j){sQ - 1) 

So Jso-r 



for I <t<r. Integrating this inequahty again from | to r gives 



si / A \ fsi+r 



This proves the lemma. □ 



Lemma 5.7. Let M, X, and H be as in Theorem \5.4\ Then there are pos- 
itive constants eq and C such that every solution u of (I53|) with < e < eo 
satisfies 

sup \dsu\ < C, sup \dviU\ < Ce 

MxM MxAf 

/or i = 1,2, 3. 

Proof. It is convenient to work with the solutions 

u{s,y) = u{es,y) 

of equation (|54|) . The function s £^£Hiu{s, ■)) is nonincreasing along u 
and converges to —eKVol{M)H(x~) as s — > — oo. Hence 

S!/{u{s,-)) = £^sh{u{s,-)) + I eH{u{s,-))K < eKYol{M)\\H\\, (56) 

where 

\\H\\ := maxH — uiinH. 
The energy of u can be estimated by 

4^(5) = f I \dsu\^ KdvoU/ < eKVol(M) \\H\\ . (57) 
By equation (|43p in Lemma 13.101 we have 

1 [ \du\^ < £^{u{s, •)) + e^Vol(M) sup \VH\^ + ^ /" \dsu\^ 

2 Jm rxm 2 Jjyf 

for every s E M. Integrating this inequality from sq ~ 1 to sq + 1, and 
using ([56]) and (f57l) we obtain 



fSQ+l r 

so-1 Jm KxM 



^ < ce, c := (3 + 4k)Vo1(M) \\H\\ + 4Vol(M) sup \VHf .. 
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Hence, by Lemma 13.31 and Theorem IB. H there are positive constants d and 
eo such that sup \ < c' for every solution of (j54p with < e < eo- 

To improve this estimate we observe that the constant in Lemma 15.61 
with H replaced by eH is 

C = 2e^ Wafc^ + 2e ||/7||^3 ||9sS||^oo < cie, 

where c\ depends only on H and the bound on established above. Hence 
it follows from Lemma 15.61 with r = oo that 



J -oo Jm ^ ' 

Here we have used the fact that the energy of is bounded by a constant 
times e. Since j^^^ = e jj^j VH{u) we obtain from ([59]) with ^ = dsU that 

/ \dsu\^ <co( [ \pdsu\^ + \\H\\l^ eA . 
Jm \jm / 

Integrating this inequality from sq — 1 to sq + 1 gives 
rso+l r roo r 

/ / \dsu\^<CQ / \pdsu\^ + 2cQ\\H\\}.^e'^ <c^e^. 

JsQ-l JM J -oo J M 

Now it follows from Lemma [3. 5 1 and Theorem IB . 1 1 that every solution of (I54p 
with < e < eo satisfies the pointwise inequality \dsu\ < c/^e for a suitable 
constant C4 > 0. Using the equation we obtain < c^S- Using again 

the fact that = 'p (on functions with values in ET") is an elliptic operator 
whose kernel consists of the constant functions we obtain \ du'f' < cqe'^ 
for every s. Integrating this inequality from sq — 1 to sq + 1) and using 
Lemma 13.31 and Theorem IB.l) we conclude that every solution of ()54p with 
< e < eo satisfies the pointwise inequality \du\'^ < cje'^ for a suitable 
constant C7 > 0. This proves the lemma. □ 



Lemma 5.8. Let M, X, and H be as in Theorem \5.4\ Then there are 
positive constants eq, 5, and c such that the following holds. If f : M ^ X 
is a smooth function such that 

sup\e~^^if)-VH{f)\<S 

M 

then 

I \e<cf \e~^n-^e^H{f)\^ (58) 

JM JM 
for every ^ G J]°(M, f*TX). 
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Proof. Suppose, by contradiction, that there are sequences ^ and 
fu'.M^X such that the sequence 

11, := eZ^^{U) - VHiU) 

converges uniformly to zero and (|58|) does not hold for f,. It is convenient 
to choose lifts of the maps with values in the universal cover H"' of X. These 
lifts will still be denoted hy : M ^ H" and we introduce the sequence of 
mean values 

Volp?)/,^^- 

Assume without loss of generality that the sequence fiy G is bounded and 
hence, passing to a subsequence if necessary, that it converges. By elliptic 
regularity for the operator whose kernel consists of the constant functions 
(Lemma I3.7p . there is a constant cq > such that 

e = o =^ [ iei'<co/ m\\ supiei<cosup|^ei (59) 

M Jm Jm m m 

for every smooth map ,^ : M — > H". To prove the second inequality in (I59p 
one can use the Sobolev estimate ||^||j;^oo < c||^||jyi,p for p > 3 and then 
regularity for ^. Applying this inequality to the sequence — we obtain 

supl/i. - fj < cosup|^(/i.)| = coei/Sup|VF(/,,) +r],\ ^0 

M M M 

and so /jy converges uniformly to the same limit as f,- Since 

hm VH{U) = hm — i— [ VHiU) = lim — 1— [ r/, = 0, 

this limit is a critical point of H. Hence there is a constant ci > such 
that, for v sufficiently large and ^ € H", we have 

|^"| < cilViVii-^.)!. (60) 

Now let : M ^ H" be a smooth map (thought of as a vector field along fy) 
and denote 

YoI{M)Jm^ 
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Then 'p^^ has mean value zero and hence is orthogonal to H{fy). 
This implies 

e-.' mf + |VfVi/(/.)|' = \\e~'n - VfVi/(/.)f 

< 3 \\eZ^n - ^i^H{U)f + 3 \\V^_(^H{U)f 
+ ^V^VH{U)-V^VH{U)f 

< 3 \\e~'pc - v^vHiu)\f + c lie - ell' + c |ef II/. - Ml' 

< 3 \\e~'n - VcVF(/,)||' + ceo ||?>ef + cci \V^VH{U)f \\f, - /,f 

Here all norms are norms on M, the constant c depends only on H, and 
the last inequality follows from (I59p and (I60p . For sufficiently large the 
last two terms one the right are together at most one quarter of the terms 
on the left. For these values of we have 

m\\' + ||V|V//(/.)||' < 4 ||e;i^e - ^^Hif,)]^ . 

Hence if follows from (|59p and (|60p that fi, satisfies ()58p for sufficiently 
large, in contradiction to our assumption. This proves the lemma. □ 



Lemma 5.9. Let M, X, and H be as in Theorem \5.4\ Then there are 
positive constants Eq, 6, p, and c such that the following holds. IfT>0 and 
u :M. X M ^ X is a solution of ()53p with < e < Eq such that 

i-T 



2 



T J M 
then 

cT 



for \s\ <T-2. 
Proof. The functions 
1 



sup |9,n(s,y)|^ < ce-''(^-l*l) / / \dsu\ 
y&M J-T Jm 



2 



|2 



M 



V'(s) := / \Vsdsu\'^+ [ \e'^pdsU-Va^u^H{u) 
Jm Jm 

satisfy 

cp"{s) = iP{s)+ [ {V^VH{dsU,dsu),dsu) 



'M 

> ^(s) - 2 ||i^||c3 \\dsu\\L^(^j^.j) 
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Hence, by Lemma |5.7| there is a constant B > such that (j)" > —B(j). Now 
apply Theorem IB. II to the function (f) to obtain 

rs+l f-T 

|s|<r-l =^ (/>(«)< ci/ (A<ci/ 0<ci(5. 



Careful inspection of the proof of Theorem IB. II for n = 1 shows that the 
constant can be chosen as ci = 8{^/B + 1). This shows that the rescaled 
function u{s,y) := u{£s,y) satisfies the inequality 

\s\<£~^{T-l) =^ [ \dsu\^ <cie'^5. 

Jm 

Now integrate this inequality from sq ~ 1 to sq + 1 ■ Using Lemma 13.51 (to- 
gether with the uniform bound of Lemma [5. 7p and Theorem IB. II we then 
obtain the pointwise inequality \dsu{s, < C2e'^5 for |s| < e~^(T — 1) — 1. 
For the function u this gives 

|s|<r-2 =^ svLp\£~^pdsU - V Hiu)]"^ = sup \dsuf < C2S. 

M M 

If 5 is chosen sufficiently small we obtain from Lemma (5.81 with ^ = dgU that 

/ \dsu\^ < C3 / \£~^pdsu - Va,„V/7(n)p 
Jm Jm 

for |s| < T — 2. Thus <j){s) < csip{s) and, putting things together, we have 
(p"{s) > ^(s) - 2 ||i?||c3 ||5sn||ioo(M) 
> (J--2\\H\y, ^/^^ ^{s) 

for |s| < T — 2. With 5 sufficiently small this gives (j)"{s) > p'^4>{s) and 
hence the function s 1— > e~^^{4>'(s) + p4>{s)) is nondecreasing. If (^'(sq) ^ 
we then obtain e-^'^V'/'l'So) < e-P^°{4>'{so) + pcpiso)) < e~f"'{(p'is) + p4>{s)) 
lor So < s <T — 2. Thus peP^'^~'^°^4>{sQ) < 4>'{s) + p(j){s) and integrating this 
inequality gives 

gp(T-so-2)^(^^) < - 2) + p % < (ci + p) r ^. 

J so J ~T 

If 0'(so) < we obtain a similar inequality by reversing time. Thus we have 
proved that e'''^"^~l*l-'(^(s) < C4 J_j,(j) for \s\ <T — 2, where C4 := e^^(ci + />). 
The pointwise estimate for |9sti|^ follows by the same argument as above 
from Lemma l3.5 land Theorem iBTl via rescaling. This proves the lemma. □ 
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Proof of Theorem \5.4\ The proof has four steps. It is modelled on the adi- 
abatic limit argument in [8]. 

Step 1. There exists a constant Eq > with the following significance. 
If < e < eo, x^ are critical points of H with Yaduix^) — indjy(x~) = 1, 
and uq : K — > ^ is a gradient trajectory from x~ to x"*" for eH, i.e. 

^uq{s) = VH{uo{s)), lira uo{s) = x^, (61) 
as s^±oo 

then the function M x M ^ X : (s, y) i-^ uois) is a regular solution of (j53p . 
i.e. the operator 3uo,e is surjective. 

Let C e W^^P{R X M,ulTX) and define ^ S VF1'P(M, n*rX) by 

•= TrTiT7\ I ^(■S'y)dvolM(2/) 
Vol(M) Jm 

for s e M. Then 

^u,A = dsl + Vf^H(uo) + 3u,M - 0- 

Denote by W^'^iR x M,u*qTX) C W^'P{R x M,ulTX) the subspace of ah 
functions ^ such that ^(s, •) has mean value zero on M for every s and 
similarly for Lg(IR x M,UqTX) C 17 (R x M,mSTX). Then the operator 

^uo,e : W^'P(R X M,ulTX) ^ L|;(M x M,ulTX) 

is equivalent to the operator 

^u,eH = Vs + p- eVVH{uo) 

associated to the rescaled function uq{s) := no(es)- This operator is bijective 
for e = and hence also for e > sufficiently small. Hence Step 1 follows 
from the above decomposition of the operator 3uo,e (and the fact that there 
are only finitely many index one gradient trajectories up to time shift). 

Step 2. There is a constants Eq > with the following significance. Ifx^ are 
critical points of H such thatindnix^) — 'va<iH{x~) = 1, andu : RxM — > X 
and uq :R ^ X are solutions of (j53p and ()6ip . respectively, such that 

< e < eo, sup d(n, uq) < 5 

RxA/ 

then there is an sq ^R such that u{s + sq, y) = uq{s) for all s and y. 



54 



We wish to find a real number sq close to zero such that 



^ uiso, •) - uoiO) ± VH{uom- 



Vol(M) 

To prove that sq exists we consider the function 
1 



(62) 



Vol(M) 

It satisfies 



'u{s,-)-uo{0),VH{uo{0)))dYolM. 

M 



< 6fi, n := \VH{uo{0))\ > 0. 
Choose a constant p > so small that 

\x-uom<P =^ {VH{x),VH{uom)> ^. 

Let C be the constant of Lemma [5771 so that sup^^M l^s^l ^ C*. Then we 
have \u{s, y) — ito(0)| < y) — u{0, y)\ + 5 < C \s\ + 5, and hence 

C \s\ + 5 < p =^ |m(s, y) — tio(0)| < p. 

Combining the last two inequalities we have, ioi C \s\ + 6 < p, that 



1 



Vol(M) J, J 

2 



To obtain a zero of (p we need this inequality on an interval of length T (on 
either side of zero) where \p'^T > dp,, or equivalently T > On the other 
hand, the interval at our disposal has length at most {p — 6)/ C. Thus we 
must impose the condition {p — 6)/C > 26 /p, or equivalently 

Under this assumption there is a real number sq with |so| < 25 /p such 
that (j62]) holds. We can still control the distance of u{s + sq, y) and uq{s) by 
a fixed multiple of 5. We assume from now on that \u{s + sq, y) — uq{s)\ < cS 
for all s and y and that (I62p holds. 
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Consider the functions 

^(s, y) := u{s + So, y) - uo{s), 

7]{s, y) := VH{u{s + sq, y)) - VH{uois)) - Vi:^s,y)^H{uois)). 
Then |r?(s,y)| < \\H\\^a \£.{s,y)f and 

ds^ + e-^p^ - V^VH{uo) = r]. (63) 

Hence the functions 

^^'^ ■= Wm) L ^^^^ ■= Wm) L 

satisfy 

ds^-V^VH{uo) = V, (C"(0), VF(7xo(0))> = 0. 

Since the gradient flow of H is Morse-Smale and uq is an index-1 gradient 
trajectory of H the kernel of the operator 

Duo ■■= ds + VVH{uo) : W^'P{R,W) LP{R,W) 

is 1-dimensional and is spanned by dgUQ. Since dsUo{0) = VH{uo{0)) the 
restriction of D^q to the codimention-1 subspace of all C G T4^^'^(M, H") that 
satisfy (^(^{0),'VH{uo{0))^ = is a Banach space isomorphism. This implies 
that there is a constant cq > 0, depending only on uq, such that 

(C(o),VF(^xo(o))> = =^ ||CIIh/i,p < collate- v^v//M||lp. 

Applying this to the elements = ^ we have -Dno^ = ^ hence 

^ II II ^ CQC 11^11^3 

Vol(M)i/p " '"L" - Vo1(M)Vp' 



Here we have used the inequality |r/| < ||^?||c3 |^| < c ||if||(^3 5 |^|. Now it 
follows from ([630 and the discussion in the proof of Step 1 for the rescaled 
operator ^uo,£H that, for a suitable constant (still denoted by cq) and e > 
sufficiently small, we have 

U-^\\lp < coe\\r]-f]\\LP 



Vol(M)i/p 

If 5{l + e + eVol(M)i/P) < Vo1(A/)Vp/coc 11/^11^,3 then ^ must vanish and 
this proves Step 2. 
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Step 3. There are positive constant Eq and c such that the following holds. 
If are critical points of H and u : M x A/ — > H" is a lift of a solution 
of ()53p (with < e < Sq) to the universal cover ET" of X , then the function 



Vol(M) Jm 

satisfies the inequalities 



/OO /"OO 
\dsuis)\^ ds < H{x+) - H{x-) + ce^ / \Vsdsu{s)\^ ds < c, 
-OO J —OO 



and \dsu{s) — VH{u{s))\ < ce for every s G 
First note that 



dsu{s) - eVH{u{s)) = — ^ / {VH{u{s, •)) - VH{u{s))) dvolM 

Vol(M) Jm 



and hence 



\dsu{s) - VH{u{s))\^ < 1^1^ \u{s, •) - uist dvolM 



Vol(M) 
< C2e\ 

Here the second inequality foHows from (j59p and the last from Lemma 15.71 
Second, the function u satisfies 

j \Vsdsu{s)\ - Yo[{M) J J l^''^'*"' dvolM(is<C3 

Here we have used Lemma 15.71 and Lemma 15.61 for the rescaled function 
u{s,y) := u{es,y) with C equal to a constant times e^. Third, we have 

2 1 f ,2 , -,2 

\d^u(s)\ ds = ——— / / {\dsu\ —IdsU — d.u' 



< H{x+) - Hix~) + C4e^. 

Here we have used (|59p and Lemma 15.61 again for the rescaled function 
u{s,y) := u{es,y). This proves Step 3. 
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Step 4. We prove the theorem. 

Let be a pair of critical points of H of index difference less than or 
equal to 1. Suppose, by contradiction, that there is a sequence of solutions 

: M X M ^ X of ([53l) associated to a sequence ^ such that Ui,{s, y) 
is not independent of y. Replace each u^, by a lift to the universal cover H" 
of X (still denoted by Ui^) with the same limit point \\m.s->-ooUu{s,y). 

First it follows from Lemma 15.91 that the functions s ^ dsU^(s,y) sat- 
isfy a uniform bound. Namely, if 6 is the constant of Lemma 15.91 and 
N > Yol{M)(H(x~^) — H{x~))/6 is an integer then, for each i^, the real axis 
can be divided into N intervals such that the energy of Ui, on each of these 
intervals is less than k,6 and hence, by Lemma 15.91 dsU^ satisfies uniform 
exponential estimates on all these intervals. This shows that the images of 
the functions Uiy are contained in a fixed compact subset of H". 

Now consider the associated functions 

Ms) :=^^/^^n(.,.)dvolM. 

Normalize the sequence such that H{u,y{0)) = 2~^{H{x^) + H{x~)). The 
VF^'^-bound of Step 3 guarantees the existence of a subsequence (still de- 
noted by u^) that converges in the C^-norm on every compact subset of M 
to a gradient trajectory of H. The energy bound of Step 3 shows that 
the limit sequence has energy at most H{x'^) — H[x'~). We claim that u^o 
connects x~ to Otherwise, the standard compactness argument would 
give a subsequence converging to a catenation of at least two gradient tra- 
jectories running from x~ to x'^ , contradicting the Morse-Smale property 
of the gradient flow. Now it follows from Step 3 that 

/CXD /'OO 
\dsUoo\^ = {{{x'^) - H{x^) = lim / \dsUy\^ ■ 

This implies that Uu{sy) must converge to x^ for every sequence Su — > ±00. 
Hence Uy converges uniformly to Uqo on all of R. Now it follows from the 
Sobolev inequality and the elliptic estimate for the operator that 

\\Uu{s,-) - Uy{s)\\L°-(M) < Cl \\fUu{s,-)\\Lvi^M) < ^^^Su 

for p > 3. Here the last inequality follows from Lemma 15.71 Hence 
lim svi])\uy{s,y) - Uoo{£us)\ = 0. 

By Step 2 this implies that, for u sufficiently large, Up{s,y) agrees with 
■Uoo('S) up to a time shift and hence is independent of y. This contradicts 
our assumption and proves the theorem. □ 
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Proof of Theorem \5.3l Let if : X — > M be as in Theorem 15.41 Then, if 
e > is sufficiently small, each Floer trajectory for eH of index 1 is a 
Morse gradient line and there are no nontrivial Floer trajectories with in- 
dex less than 1. Thus, for H' S J^f'^'^^ sufficiently close to eH, the 
Floer chain complex {CF{M, X; H'), ) coincides with the Morse com- 
plex of eH. Hence the Floer homology group }iF{M, X; H') is naturally 
isomorphic to the Morse homology of (X,eH). This gives rise to an isomor- 
phism H^,{X] Z2) HF(M, X\ H') and composition with the isomorphisms 
HF(M,X;i?') HF(M,X;iJ") of Theorem O gives a family of isomor- 
phisms satisfying the requirements of Theorem 15.31 □ 

Proof of Theorem \2. 7\ Assume X is a compact flat hyperkahler manifold 
and let H £ j^morse xhen, by Theorem 13.61 the number of critical points 
of remains unchanged under any perturbation of H that is sufficiently 
small in the norm. Hence, by Theorem 14.31 we may assume without loss 
of generality that H £ J^^'^^. By Theorem 15.31 we then have 

#'^{H) =dimCF^{M,X;H) > dimRF^{M, X; H) = dimi/,(X; Z2). 

This proves the theorem. □ 

Remark 5.10. An alternative proof of Theorem 15.31 can be given along 
the lines of [53], avoiding the adiabatic limit argument of Theorem 15.41 
This would involve Morse-Bott exponential decay for finite energy solutions 
of ((22]) with = on a half cylinder [0, 00) x M respectively (—00, 0] x M. 
Since X is flat, such solutions converge to a point in X as s — > ±00, and one 
can then study solutions where this limit point lies on a gradient trajectory 
of a Morse function on X, as in [23], to obtain the desired isomorphism from 
Morse to Floer homology, respectively its inverse. 

If M := with the standard hypercontact structure, the Morse-Bott 
exponential decay as s ^ -|-oo can be reduced to the removable singularity 
theorem [CT] If n : M x 5^ ^ X is a solution of ^ with H = and 
: EI \ {0} ^ X is given by w{e~^y) := u{s, y) then 

Oqw — Idiw — Jd2W — Kd^w = 0. (64) 

Moreover, the energy of id on a ball of radius r = e~*° is given by 

/ \dw\^ = s^{uiso,-))=2 / / \dsu\\ 

(Here we use k = 2 for M = S^.) We emphasize that no such argument is 
available for the limit s — > — 00. This reflects a fundamental asymmetry in 
equation ()22p related to the noncommutativity of the quaternions. 
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A Hypercontact manifolds 



Let M be an oriented 3-manifold. Three contact structures ^i,^2 5'^3 on 
M are said to form a hypercontact structure if there exists a 1-form 
a = (01,02,03) G r2^(M, R^) such that Oi Adoi > 0, = keroj, and 

Oi A doi = Oj A doj =: a, Oi A doj + oj A doi = (65) 

for i ^ j- The 1-form o is determined by the contact structures up to 
multiphcation by a positive function on M. We shall sometimes abuse no- 
tation and refer to the 1-form o G r2^(M, M^) as the hypercontact structure. 
Associated to q is a family of contact forms 

Ox := (A, a) = XiOi + X2O2 + XsO's 

parametrized by the standard 2-sphere S'^ C M'^. In this formulation equa- 
tions (|65|) hold if and only the volume form a\Adax is independent of A. Hy- 
percontact structures were introduced and studied by Geiges-Gonzalo [HI 
115] . They used the term taut contact sphere for the map A 1— > cca- The term 
hypercontact structure was used with a different meaning in [16] . 

Lemma A.l. Let o £ i7^(M, R^) be a hypercontact structure. Then the 
associated Reeb vector fields vi,V2,V3 G Vect(M) are everywhere linearly 
independent. 

Proof. Since ox A dox = | A|^ o" for A G R^ the 2- forms doi,da2,do3 are ev- 
erywhere linearly independent. Since doi = i{vi)a this shows that vi,V2,V3 
are everywhere linearly independent. □ 

Remark A. 2. If the 1-forms ai, q;2> 03 form a hypercontact structure then, 
by Lemma IA.1|, the Reeb vector fields vi,V2, V3 form a global framing of the 
tangent bundle. Call the hypercontact structure positive if this framing is 
compatible with the orientation. This can be achieved by reversing the sign 
of all three 1-forms, if necessary. In the positive case the function 

K := doi{v2,V3) = da2{v3,vi) = da3{vi,V2) (66) 

on M is positive. Moreover, it is convenient to choose a Riemannian metric 
on M in which the Vi form an orthonormal basis. The associated volume 
form is given by 

Oi A doi 

dvolM = , z = 1,2,3. 
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Remark A. 3. Let 01,02,03 be a hypercontact structure with Reeb vector 
fields vi,V2, V3 and, for A G S"^, denote vx ■= XiVi + X2V2 + X3V3. Then vx is 
the Reeb vector field of ox- To see this note that 

Oi{vj) + Oj{vi) = 0, doi{vj,-) + doj{vi,-) = (67) 

for i / j, by ([65]) and Lemma [A. 1[ Hence ox{vx) = 1 and dox{vx, •) = 0. 

Lemma A. 4. Let a be a hypercontact structure on M with Reeb vector 
fields vi,V2,V3. Let k : M — > M be defined by (166p and ^ : M — > M'^ by 



^fi := 02(^3), /i2:=a3(wi), ^3 := ai{v2). 

Let 61,62,63 denote the standard basis ofW^. Then the following holds. 

(i) The Lie brackets of the Reeb vector fields satisfy 

[V2,V3\ = KVl, [V3,vi] = KV2, [vi,V2] = KV3 (68) 

if and only if 

df-t{vi) = KCi A fj., i = 1,2, 3. (69) 

(ii) Lf (j68p and (j69p hold then k is constant. Conversely, if k and fi are 
constant then fi = 0. 

(iii) The function fi vanishes if and only if oi A doj = for i / j, or 
equivalently doi = K*Oi for i = 1, 2, 3. Here * denotes the Hodge operator. 

Definition A. 5. A positive hypercontact structure a with i^i = is called a 
Cartan structure. 

Corollary A. 6. Lf o is a Cartan structure then k is constant, the Oi form 
the dual basis of the Vi, the Vi satisfy (i68]l . Oi A doj = for i / j, and 
d*ai = fori = 1,2,3. 

Proof of Lemma A. 4 We introduce the 1-form p E r2^(M, M^) and the vec- 
tor fields wi,W2,W3 £ Vect (M) by 



1 



d02{v3, •) \ Wi := [V2,V3], 

p .= - \ da3{vi,-) , W2 ■.= [v3,vi], 

dai{v2, •) / W3 := [vi,V2]. 

Then p satisfies 

Pi{vj) = 5,j, a(e) = piO + piO A fi. (70) 
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ai{wi) 


ai{w2) 




a2{wi) 


a2{w2) 


a2{w3) 




03(102) 




( ' 


f^3 - 


-fJ'2 \ 




1 




\ 







We also introduce the matrices 

/ pi{wi) pi{w2) piiw-s) 
A := ( a2{wi) a2{w2) a2(w^3) h -S" := P2{wi) P2{w2) P2{w-i) 

\ P3(w^l) P2.{W2) Psim) 

dpi{vi) dpi{v2) dpi{vz) 
$ := I -pz 1 Pi \ , B := \ dp2{vi) dp2{v2) dp2{vz) 

dp3{vi) dp3{v2) dpsivs) 

Then the second equation in (j70p imphes $5 = A. Next we observe that 

ai{[vj,Vk]) = dai{vj,Vk) - Ci,^ai{vk) + Cy^ai{vj). 

Hence ai{[vj,Vk]) = n + dpj{vj) + dpk{vk) whenever is a cychc per- 

mutation of 1,2,3, and ai{[vi,Vk\) = —Cy^ai{vk)- These identities can be 
summarized in the form ai{wj) + dpj{vi) = (k + Ylk dpk{vk)) ^ij or 

^S = A=(K + Y,dpk{vk?j^-B^. (71) 



Moreover, we have 

= ddai{vi,V2,V3) 

= Cy^dai{v2,V3) + Cy^dai{v3,vi) + Cy.^dai{vi,V2) 

-dai{vi, [v2,V3]) - dai{v2, [v3,vi]) - dai{v3, [^1,^2]) 
= dK{vi) - dai{v2, [v3,vi]) - dai{v3, [vi,V2]). 

Repeating the argument for a2 and 03 and using equation (|67p we obtain 

dK{vi) = k{p3{w2) - P2{W3)), 

dK{v2) = k{pi{w3) - P3{wi)), (72) 
dK{v3) = k{p2{wi) - Pl{w2)), 

Hence k is constant if and only if the matrix S is symmetric. 

We prove (i). Equation ([68]) is equivalent to S = k1 and equation ([69]) 
to B = k($ - 1). If S = k1 then it follows from ^ that 

B^ = K{i-^)+Y,dPk{vkn. 

k 

Examining the diagonal entries we find that dpk{vk) = for k = 1,2,3 
and hence B^ = k(]1 — $). This in turn implies that B^ = —B and thus 
B = k($ — 1). Conversely, ii B = — 1) then B is skew symmetric and 
dpk{vk) = for all k. So it follows from ([7ip that = k\ + B = and 
hence S = kI. 
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We prove (ii). If (j68p holds then S* = is symmetric and so k is 
constant, by (j72p . Conversely, if k and /i are constant then, by (|7ip . we 
have <I>5 = k1 and, by ([72]) . 5 = S"^. Hence $ is symmetric and so = 0. 

To prove (iii) we observe that, for every cyclic permutation i, j. A; of 1, 2, 3, 
we have Oj A duj = K^fedvol^,/ and k * = doj + Hkdaj — ^jda^. (Take the 
product with a 1-form (5 and use the identity (/? A (iai)(f i, f2, W3) = K,[3{vi).) 
This proves the lemma. □ 

Example A. 7. The standard hypercontact structure on the unit sphere 
C with coordinates y = {yQ,yi,y2-,y'i) is given by the 1-forms 

ai := yodyi - yidyo + ^2(^2/3 - ^3^^2/2, 
"2 := 2/0^2/2 - 2/2^2/0 + 2/3'^2/i - 2/i'^2/3, 
"3 := yodys - 2/3^2/0 + 2/i'^2/2 - 2/2^2/1- 

Identify with the quaternions via y = 2/0 + 12/1 +j2/2 + k2/3 and M'^ with the 
imaginary quaternions via A = iAi+jA2+kA3. Then the 1-form ax := Aiai + 
A2a2 + A3a3 and its Reeb vector field v\ are given by ax{y;r]) = Re{Xyf]) 
and vx{y) = Xy for A G 5"^ C Im(]HI) and rj £ TyS^. We emphasize that in 
this example /i = and k = 2. 

The standard hypercontact structure on S"^ is preserved by the right 
action of the unit quaternions via Sp(l) x S"^ — > S*^ : (a, y) 1— > ya. For the 
left action of Sp(l) on we have (paO^x = Oa-^Xa 't'l^x = f^a-Ua; where 
(j)a £ Diff(S'^) is given by (paiv) '■= ay for a G Sp(l) and y G S^. 

Proposition A. 8 (Geiges-Gonzalo [21 [H]). Every Cartan hypercontact 
3-manifold {M,a) is dijjeoniorphic to a quotient of the 3-sphere (with the 
standard hypercontact structure up to scaling) by a finite subgroup o/Sp(l). 

Proof. By rescaling, if necessary, we may assume that k = 2. Then there is a 
unique Lie algebra homomorphism Lie(Sp(l)) = Im(EI) — > Vect(M) : ^ 1— > 
such that Vi,Vj,Vk are the Reeb vector fields of ai, 02,0:3, respectively. Since 
M is compact and Sp(l) is simply connected, this Lie algebra homomor- 
phism integrates to a unique Lie group homomorphism 

Sp(l) ^ Diff (M) ■.x^(p^. 

This group action of Sp(l) on M is transitive, because M is connected, 
and it has finite isotropy subgroups. Fix an element yo £ M and define 
the map ijj : Sp(l) — > M by ip{x) := (pxiyo)- This map induces a diffeomor- 
phismm Sp(l)/Go — M, where Go := {x G Sp(l) | (j)x{yo) = 2/0} denotes the 
stabilizer of yo. This diffeomorphism identifies the vector field x 1-^ ix on 
Sp(l)/Go with the vector field Vi on M and similarly for j and k. □ 
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B The Heinz trick for subcritical exponents 



Let M be a smooth Riemannian n-manifold (not necessarily compact) and 
let ^ be a scalar second order elliptic operator. We assume that J£ differs 
from the Laplace Beltrami operator A := —d*d by a first order operator. 
We study nonnegative solutions e : M — > M of the differential inequality 

J£e>-A- Be^ (73) 

where 

n + 2 
1 < Ai < — ^• 

n 

In the critical case \i = (n+2) /n the Heinz trick gives a mean value inequality 
for nonnegative solutions e : -Br(po) — > [0,c)o) of ((73]) with sufficiently small 
norm (see for example [251 [29]). For fi < (n + 2)/n the same proof shows 
that the condition on the norm can be dropped and one obtains a global 
estimate for the sup-norm in terms of the norm of e. 

Theorem B.l. Let K C M he a compact set and let 1 < ^ < {n + 2)/n. 

(i) Assume fi < {n + 2)/n. Then there is a constant c > with the following 
significance. If e : M ^ W is a nonnegative function satisfying (|73p then 

supe <c(a+ [ edvolM + ( B""/^ [ edvohi) ] , (74) 
K \ Jm V Jm J J 

where a := 2/(2 + n — n/i). 

(ii) Assume fi = (n + 2)/n. Then there are positive constants h,5,c with 
the following significance. If e : M ^ is a nonnegative function 
satisfying ([73]) then, for x £ K and < r < 5, we have 



f g < ;j ^ g(2.) < c ( Ar^ + — [ edvolM | ■ (75) 
JBrix) \ JBr(x) J 

Proof. The proof has three steps. For pQ £ M and r > we denote by 
Bripo) C M the closed ball of radius r about pq. The first step restates 
Theorem 9.20 in [T7] . 

Step 1. There are constants ci > and 5 > with the following significance. 
Vpo £ ^ 0,''^^ < r < 6 then every nonnegative function e : Br {po) — > M 
satisfies 

Ae > =^ e{po) < ^ edvolM- 

r JBripo) 
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Step 2. There are constants C2 > and 6 > with the following significance. 
Ifpo£K,0<r<6, and A > 0, then every nonnegative function 
e : Br{po) M satisfies 



££e > -A 



e{po) < C2 ( Ar"^ + ^ [ edvolj\/ 



Let 5 be smaller than the injectivity radius of M and than the constant in 
Step 1. Choose geodesic coordinates y^, y^, . . . , in Br{yo) with y'^ipo) = 0. 
Then 

dyf^dv" ^ dy" 
with a^'^(O) = (5^*^. Choose 6 so small that 

\y\<5 =^ |a-(y)-l|+5|6-(y)|<- 

n 

for 1/ = 1, . . . , n. Denote by Aq = '^^i-^)'^ the standard Laplace operator 
and consider the function 

t \ ^ I |2 

u{y) ■■= - \y\ ■ 

This function satisfies Aqu = uA and 

(ifn - A^u){y) = A (^{a'^^y) " 1) + E b''{y)y''^ > -A. 
Hence > 2A and 

^(e + u) > + (n - 1)A > 0. 
By Step 1, this implies 

e(0) = e(0) + n(0) < ^ / (e + n)dvolM. 

r'^ J Br 

Hence the assertion follows from the fact that 

udvoU/ < uJnA / p""^^ dp = — . 

Br Jo n + 2 

Here a;„ denotes the area of the unit sphere in M" and 6 is chosen so small 
that dvolAf and the volume form of the flat metric differ by a factor at 
most 2. This proves Step 2. 
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Step 3. There is a constant C3 > with the following significance. If 
e : M ^ is a nonnegative function satisfying 

^e>-A- Bef" 

for some constants A,B>0 then 



sup e < C3 ( A + / e dvoU/ + ( 5"^^ / e dvoU/ ) 
K \ Jm V Jm J 



2/(2+n-n^t)^ 



Let 6 be as in Step 2 and assume 026"^ < ^. Fix a point po S ii'. Define 
/i : [0, <5] ^ M by 

his) := — ; — max e. 
\ S J Bsipo) 

Then 

/i(0)=e(po), h{S)=0. 
Since h is nonnegative there is an s* G [0, 6) and a p* G Bs*{po) such that 

= max his), c := e(p*) = max e. 
0<s<5 B,.(po) 

Denote 

6-s* 
'-■=^- 

Then 

<5"/i(s* + e) 2"(5"/i(s*) 
max e < max e = — -^7 < — -^r = 2 max e = 2 c. 

Be(p*) B,*+,(po) (5-s*-e) {6-s*) B,,{po) 

Hence in Bf,[p*) we have the inequahty 

^e>-A- Be^ >-A- 5(2" c)'^. 
By Step 2 this imphes 



c = eip*) <C2\iA + B(2''c)nr^ + — / edvoU/ 
for < r < e. Now comes the crucial case distinction. 



(76) 
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Case 1. If c < vl then we have 

e{po) <c<A 

and so the desired estimate holds with C3 = 1. Thus we may assume A < c. 
Case 2. Assume 

A<c, C2Br^'d'-^e^ > ^. 
Then we may choose r < e < 6 such that C2-B2"''c''~^r'^ = | and obtain 

C2{A + B{2''cYy < C2c6^ + C2B(2"c)^r2 < | 

Hence, by ([76]) . we have 

2C2 



c < 
r 



-[ edvolM = 2c2(4c2B2"'^)"/2c("^-")/2 /■ gdvolAf. 



Since /x < (n + 2)/n we have 2 + n — n^u > and hence 

\ 2/{2+n-n/x) 

B"/2y^edvolAfJ 

with C3 := (202(022"'^+^)"/^)^^''^'''" (For the critical exponent we have 

(nfi — n)/2 = 1. In this situation Case 2 can be excluded by the assumption 
of a sufficiently small upper bound on i?"/^ J edvolA/.) 

Case 3. Assume 

A<c, C2BT^c^'~^e^ < ^. 

Then we may choose r = e and obtain C2{A + i?(2"c)^)e^ < ^ as before. 
Hence, by (fTHI) . we have 

c < ^ / edvolM- 



Since 5 — s* = 2e this gives 

e* \ on „n on+1 „ /■ 

Thus in this case the estimate of Step 3 holds with C3 = 2""'"^C2/5". This 
proves the theorem. □ 
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C A removable singularity theorem 

Denote by C the unit ball with coordinates t = (ioi ^ii ^s) and by 

Br := {teR^l \t\ < r} , 5^ := {t € | \t\ = r) , 

the ball and sphere of radius r. Let X be a hyperkahler manifold with 
complex structures /, J, K. Let w: B ^ Vect(X) and E = (Cj) : B R^''^ 
be smooth maps such that H(0) = 1 is the identity matrix and is 
nonsingular for every t & B. We examine solutions of the equation 

3 

Y,{^oii)^^u + ^\{t)I^^u + CmJ^iU + CmK^^u) =Vw{t,u). (77) 
Associated to equation ([77|) is the elliptic operator 

k 3 

i,j=0 j=0 V v,% 

Theorem C.l. Assume X is a compact flat hyperkahler manifold (possibly 
with boundary). If u : B \ {0} X is a solution of ([77|) on the punctured 
disc and 



\diu\'^ < oo 



i=0 ■ 

then u extends to a smooth function from B to X . 



Remark C.2. In Theorem lC.il the condition that X is flat cannot be omit- 
ted. For example, let / : 5''^ ^ X be a nonconstant critical point of the 
hypersymplectic action functional £/. Such critical points are described in 
the introduction (compositions of rational curves with Hopf fibrations) and 
they do not exist in the flat case, by Lemma |3.7[ Identify with the unit 
sphere in H and define it : H \ {0} — > X by 

u{t) ■.= f{\t\-H). 

Then u satisfies the equation 

Oqu — Idiu — Jd2U — Kd^u = 0. 
Moreover, we have \du{t)\^ = \t\ ^ \df {\t\~h)\'^ and hence 



'Br ^ JS^ 

for every r > 0. However, the singularity of u at the origin cannot be 
removed. 
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Lemma C.3. Assume X is a compact flat hyperkdhler manifold. Then there 
is a constant C > with the following significance. If u : B \ {0} X is a 
solution of (j77p then the function e = Cu '■ B ^ [0, oo) defined by 



1=0 



satisfies the inequality 



Le > -C(l + 6^/2) 



Proof. The proof uses word by word the same arguments as in Lemma [ 
and will be omitted. □ 

The exponent | = in Lemma IC.3I is the critical exponent of Theo- 
rem IB. II for n = 4. Hence every solution u : B \ {0} — > X of (|77p satisfies 
an inequality of the form 



\du{t)\^ < cr^ + 



\du\' 



(78) 



B2r 



for r sufficiently small and a suitable constant c. Thus \t\ \du{t)\ converges 
to zero as t tends to zero. 

It is convenient to introduce the 1-forms 61,62,0^ and the vector fields 
^'o,^'l,^'2,^'3 on B by 



V3 



todti - tidto - t2dt^ + t^dt2, 
todt2 - t2dto - tsdti + tidts, 
todts - tsdto - tidt2 + t2dti, 

todo + tidi +t2d2 +t3d3, 
todi - tido - t2d3+t3d2, 

tod2 - t2do - t^di + tid-i, 
tods - t^do - tid2 + t2di. 



Note that the Vi are orthogonal and |t'j(i)| = \t\. In particular, for t £ Sr the 
vectors r~^vi(t),r~^V2{t),r~^V3{t) form an orthonormal basis of the tangent 
space TtSr = t"*"- The energy and the hypersymplectic action of a smooth 
— > X are defined by 



A u uji 
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Lemma C.4. The energy and hypersymplectic action satisfy the isoperimet- 
ric inequality 

£^r{u) < rSr{u) (79) 

and the energy identities 

2 1 /" 

Sr{u) + -<{u) = ^ y \Idu{vi) + Jdu{v2) + Kdu{v3)\'^ dvolsr (80) 
for every smooth map u : Sr ^ X and 

1 \du\^ = K{u)+l \dQU + Idiu + Jd2U + Kd:iu\^ (81) 

for every smooth map u : Br \ {0} ^ X satisfying limt^o |(i?i(t)|^ = 0. 

Proof. We have Oi{vj) = r'^dij and so the standard volume form on Sr is 
dvolg^ = r~^6i A ^2 A ^3. Hence 6i A u*u}i = r~^u*uji{vj,Vk)d'vo\s^ for every 
cychc permutation A; of 1,2,3. This impHes 

S^r{u) = ^ (u*UJi{v2, Vs) + U*UJ2{V3, Vi) + U*U3{vi,V2)j dvol^^ 



and hence the isoperimetric inequahty (j79p . The energy identity (jSOp is an 
adaptation of Lemma 12.21 to the present notation. To prove (j8ip we assume 
that u : Br \ {0} — > X satisfies hmt_»o |iiu(t)|^ = 0. Then it follows 
from (j79p that limp_^o •'2^^(^) = 0. Moreover, by direct computation, we have 

/ (idnp - \dou + Idiu + Jd2U + Kd3u\^) = K{u) - £/p{u) 

JBr\Bp ^ ' 

for < p < r. The assertion follows by taking the limit /o ^ 0. This proves 
the lemma. □ 

Lemma C.5. Assume X is compact and fix any real number < /i < 4. 
Let u : B \ {0} X he a solution of (j77p satisfying Yrnit^Q \t\'^ \du{t)\^ = 0. 
Then there are positive constants ro and c such that 

< r < ro / \du\^ < cr^. 

J Br 

Proof. Since H(0) is the identity matrix, there is a constant C > such that 
every solution of (j77p satisfies the estimate 

\dQu{t) + Idiu{t) + Jd2u{t) + Kd3u{t)\'^ < C^{\t\'^ \du{t)\'^ + 1) (82) 
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Combining this with (jSip we obtain 

/ \du\^ = <(n)+ / \dou + Idiu + Jd2U + Kd3u\^ 

J Br J Bf 

< <.(n) + C7V/' \du\^ + C^Yol{B)r^. (83) 

J Br 

Since 

\du{vo) + Idu{vi) + Jdu{v2) + Kdu{v2,)\ = r\dQU + Idiu + Jd2U + Kd^u] 

on Sr and + 1 < (r |(in| + 1)^, it follows also from (|82p that 

Mn(i;o)| > \Iduivi) + Jdn('y2) + i^du(?;3)| - Cr^ \du\ - Cr, 
\du{vo)f > \Idu{vi) + Jdu{v2) + Kdu{v3)f - 6Cr^ \duf - 6Cr^ \du\ . 

This implies 

> Sr{u) + ^ I \Idu{vi) + Jdu{v2) + Kdu{v3)\^ 
-6Cr I \du\^ -&C I \du\ 

J Sf J Sr 

> 2^r{u) + -£/r{u)-6C{r + 6) l^^l^-^/ 1- 

Here we have dropped the volume form dvol5^ in the notation. The last 
step follows from (jSOp . Since S'r{u) > r~^£/riu) and the area of the 3-sphere 
is 4Vol(i?) this gives 

JSr r 5 

On the other hand, by ()83p we have 

(1 - CV^) /" |dn|2 < ^,(n) + C^Yo\{B)r^. 

J Br 

Combining these two inequalities we obtain 

/■ , , ,2 ^ l + 6C7(r + 5)r /■ , , ,2 / ^C\.r.,r.^A 

/ \du\'<—, hr^-: + 7^ + ^ Vol(i?)r4 



1 - C2r2 4 /c ' ' V 1 - C2r2 25 
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for r < 1/C. Choose 5 so small that {l + 6C5)fi < 4. Then, for r sufficiently 
small and a suitable constant c > 0, we have 



Define the function (j) : (0, 1] — > M by 



(84) 



B, 



4-// 



Then the derivative of (p is 



[ \duf + crA > 0. 



The last inequality follows from (j84p and holds for r sufficiently small, say 
for < r < tq. Hence 



Br 



for < r < rg. This proves the lemma. □ 

Proof of Theorem \C.1[ Choose a real number fi such that 2 < /i < A. Com- 
bining Lemma IC.51 with the the inequality (jTSp we obtain 

\du{t)\'^ < 



for a suitable constant c > 0. For 4<p<8/(4 — ^) this implies 

[ \du\'P= C [ \du\P < AYol{By / < cx). 

Jb Jo Jsr Jo 

That the integral is finite follows from the fact that 3 — ^(4 — fi)p > — 1. 
By the Sobolev embedding theorem our function u : B\ {0} — > X is Holder 
continuous and extends to a W^'^ function on B. Now it follows from the 
standard elliptic bootstrapping techniques that the extended function u is 
smooth. This proves the theorem. □ 
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